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ABSTRACT 



The fibre bundle formalism inherent to the construction of non-abehan Kaluza- 
Klein theories is presented and its associated dimensional reduction process analysed: 
is performed the dimensional reduction of (^-invariant matter and gauge fields over a 
multidimensional universe; the harmonic decomposition of non-symmetric fields over 
its internal space estabUshed and their dimensional reduction done. The spontaneous 
compactification process is presented. 

It is shown that during the dimensional reduction process two types of symmetry 
breaking can occur: a geometric followed by a spontaneous symmetry breaking. This 
last is connected to a scalar field resulting from the dimensional reduction process itself. 
We determine exphcitly the scalar potential form leading to that symmetry breaking for 
the case in which the internal space is symmetric and an analysis for the general case 
is performed. 

The principal problems found in the construction of realistic Kaluza- Klein models 
are discussed and some solutions reviewed. The hierarchy problem is examined and 
its solution within Kaluza-Klein models with a large volume internal space considered. 
As an alternative solution, the Randall- Sundrum model is presented and its principal 
properties analysed. In special, the stability of the hierarchy is studied. 



KEY WORDS: Dimensional reduction; Spontaneous compactification; Symmetry 
breaking; Model building; Hierarchy 
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SOMMARIO 



II formalismo dei spazi fibrati inerente alia constrazione delle teorie di Kaluza- 
Klein non-abeliane e presentato ed il suo processo di riduzione dimensionale coUegato 
analizzato: e effettuata la riduzione dimensionale dei campi di materia e di gauge Q- 
invariabili in un'universo multidimensionale; la decomposizione armonica dei campi 
non-simmetrici nello spazio intemo di quelle e stabiUta e la loro riduzione dimension- 
ale fatta. II processo di compattificatione spontanea e presentato. 

E demonstrate che durante il processo di riduzione dimensionale due tipi di rot- 
ture di simmetria possono accadere: una rottura di simmetria geometrica seguita da 
una spontanea. Questa ultima e collegata ad un campo scalare derivato dal processo 
di riduzione dimensionale stesso. Si determina esplicitamente la forma del potenziale 
scalare che conduce a quella rottura simmetria nel caso in cui lo spazio intemo e sim- 
metrico e un'analisi per il caso generale effettuata. 

I problemi principali trovati nella costruzione di modelU realistichi del tipo Kaluza- 
Klein sono discussi ed alcune soluzioni sono riviste. II problema della gerarchia e 
esaminato e la sua soluzione all'interno dei modelli di Kaluza-Klein con grande volume 
di spazio interno e considerata. Come soluzione alternativa, il modello di Randall- 
Sundrum e presentato e le sue proprieta principali sonno analizzate. In speciale, la 
stabilita deUa gerarchia e studiata. 



PAROLE CHIAVE: Riduzione dimensionale; Compattificatione spontanea; Rot- 
tura di simmetria; Model Building; Gerarchia 
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QUEBRA ESPONTANEA DE SIMETRIA EM TEORIAS DE KALUZA-KLEIN 
NAO-ABELIANAS E DE RANDALL-SUNDRUM 



Rui Fernando Lima Matos 
Departamento de Fisica, Universidade de Coimbra, Portugal 



RESUMO 



O formalismo de espa^os fibrais inerente a constni9ao de teorias de Kaluza-Klein 
nao-abelianas e apresentado e o seu processo de redu5ao dimensional associado anali- 
sado: e efectuada a redugao dimensional de campos de materia e de gauge C^-invariantes 
sobre um universo multidimensional; a decomposi§ao harmonica de campos assimetri- 
cos sobre o espago intemo do ultimo e estabelecida e a sua redugao dimensional feita. 
O processo de compactificagao espontanea e apresentado. 

Mostra-se que durante o processo de redugao dimensional dois tipos de quebra de 
simetria podem ocorrer: uma quebra de simetria geometrica seguida por uma esponta- 
nea. Esta ultima esta ligada a um campo escalar resultante do proprio processo de 
redufao dimensional. Determina-se explicitamente a forma do potencial escalar que 
da origem a quebra de simetria no caso em que o espago intemo e simetrico e uma 
analise para o caso geral e efectuada. 

Sao discutidos os principals problemas encontrados na constru§ao de modelos re- 
aUstas do tipo Kaluza-Klein e algumas solugSes sao revistas. O problema da hierarquia 
e estudado e a sua solufao no seio de modelos a la Kaluza-Klein com grande volume 
de espa90 interno consideradas. Como solu9ao alternativa, e apresentado o modelo 
de RandaU-Sundrum e as suas principals propriedades sao analisadas. Em especial, o 
problema da estabilidade da hierarquia e abordado. 



PALAVRAS-CHAVE: Redugao dimensional; Compactifica9ao espontanea; Que- 
bra de simetria; Model Building; Hierarquia 
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Chapter 1 



INTRODUCTION 



1.1 Early Kaluza-Klein Theories 

Space and time are usually considered to be fundamental concepts, to which the roots 
of experience are solidly fixed. It is however through the experience that their structure 
is perceived, and their definition formed. Initially distinguished and relegated to the 
passive metaphysical domain, they have regained their respect in Physics as a step to 
the unification was given: the construction of the Electromagnetic Theory. The need 
to embrace the two concepts into one was then foreseen and their properties reviewed. 
Not long was needed to expect till that recent born hybrid concept called space-time 
to have its ones privileges in the Physical world: within General Relativity it gains a 
freedom of movements, interacting with itself and with matter, curving and distorcing, 
trebling with the common sense causality. Gravity was thus exchanged by a richer 
space-time structure as the old rigidity property of space and time fell into oblition. 
The time was then propitious for time and space together to achieve a new level of 
sofistication. With the work of Kaluza 1 83 1, space-time arrives at a cult stage, as gravity 
and electromagnetism are unified in the emptiness of pure geometry. Light becomes 
curvature, gravity in the Einstein sense, of an higher dimensional space-time left to 
darkness. 

Klein 1881 rediscovered the Kaluza theory, noticing the quantisation of the electric 
charge as a result of the compactification of the circle and being the first to perform an 
harmonic analyse of a non-symmetric field in a Kaluza theory context. His work was 
then continued by others l55ll7ll82i n7K)llT()Tini6llTT7l . 

1.2 Non-Abelian Kaluza-Klein Theories 

After the development of the Yang-Mills theory in 1954 and its use in the construction 
of the electroweak theory in the 60's and 70's it became clear that an extension of the 
abelian, five-dimensional, Kaluza-Klein theory to the non-abelian domain, unifying not 
only the electromagnetism to gravity but also all the other forces in the world, should 
be done [SI]. Kerner constructs such a theory 1851 . starting with a multidimensional 
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universe A4 with a fibre bundle structure, such that its internal space is Lie group Q, 
defined over a four-dimensional manifold. By considering only Q invariant metrics 
defined on A4 and taking an Hilbert-Einstein action on the total space, he arrives to 
an Hilbert-Einstein- Yang-Mills action in the base space, thus unifying both theories. 
A more general construction was then made by Cho and Freund |41 1, where a final 
Hilbert-Einstein- Yang-Mills-Scalar theory was derive. With 1 92 1 the internal space of 
the multidimensional universe was generalised to a homogeneous space. A formal 
dimensional reduction process for non-symmetric fields in a non-abelian Kaluza-Klein 
theory was firstly given in 1 8 1 1 and an extensive analyse of the Kaluza-Klein scheme 
within the fibre bundle formalism was performed in I4l l43ll80l . Modern applications 
can be found in 1 18. .84J . 

As such progresses to a unifying theory within the Kaluza-Klein scheme were being 
made, a new type of theories were constructed: theories where mass could be sponta- 
neously generated by a spontaneously symmetry breaking of a gauge group; theories 
where a new kind of symmetry - supersymmetry - could be found, not making dis- 
tinction between bosons and fermions; theories where its objects were not punctual 
particles - local fields - but extensive domains - strings -, as a solution to the non- 
renormalizable character of the most important theories - such as General Relativity. 
After the development of that theories, the pretending of the Kaluza-Klein theories as 
unifying theories could not be let endure: supergravity and superstrings where better 
candidates to that position. With the works of Witten I120II1211 it was shown that one 
could never construct a realistic model within the usual Kaluza-Klein scheme since 
the left-right chiral asymmetry characteristic of the Standard Model (SM) could not be 
achieved by dimensional reduction. Several solutions where proposed 1 1 19! ll21l[llll . 
but all them radical or particular, decreasing in beauty in relation to the initial theory. 

With the works of Cremmer and Scherk |45| and Luciani |92| a new mechanism 
- that would be useful later for the construction of eleven-dimensional supergravity 
1461 1471 1601 - was developed: the spontaneous compactification. With this dynami- 
cal mechanism, by considering the action of Yang-Mills fields on a multidimensional 
universe, a manifold with no special structure could achieve a fibre bundle structure, 
being then capable of being reduced through the Kaluza-Klein dimensional reduction 
process. 

1.3 Symmetry Breaking on non-Abelian Kaluza-Klein 
Theories 

The most important charateristic of Kaluza-Klein theories is not so much its unifying 
character but the way as the unification is reached: all forces in the four-dimensional 
observed world find their origin in the curvature of a multidimensional universe freed 
from any force. But in the absence of any force, the concept of mass becomes mean- 
less since its measure becomes impossible. If a matter field is defined over a free 
multidimensional universe, it must be massless. The mass must be then acquired by 
some dynamical process: the spontaneous generation of mass by symmetry breaking 
becomes then a need for the coerence of Kaluza-Klein theories where massive matter 
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fields are defined. 

It is the purpose of this work to explain how can this symmetry breaking occur, 
how can it be contained in the Kaluza-Klein theory itself, how can find its origins on 
the dimensional reduction process. 



1.4 The Hierarchy Problem and the Randall-Sundrum 
Solution 

The SM provides a remakably successful description of known phenomena, describing 
strong and electroweak interactions in an elegant manner However, there are, from a 
theoretical point of view, some serious problems within this model. The one that will be 
of interest to us is the hierarchy problem between the electroweak scale and the Planck 
scale, that disables any attempt to incorporate gravity into the model. Several solu- 
tions were presented: the introduction of supersymmetry (SUSY) at the electroweak 
scale was one of them. By solving the hierarchy problem, the SUSY aproach would, 
however, inevitabily introduce many extra fields to the SM, giving then rise to another 
problem: a possible confict with the experimental results. 

In recent years a new solution was given |26|: by considering a special Kaluza- 
Klein model, where only gravity could propagate into the extra-dimensions, the hier- 
archy could be solved by taking for the only fundamental scale in nature, the elec- 
troweak scale. The Planck scale should then be a derivate scale, deriving precisely 
from the fact that gravity can propagate into the extra-dimensions as matter is retained 
to a four-dimensional world. This model presents however the inconvenient that the 
internal space should be large when compared with the previous Kaluza-Klein models, 
presenting new difficulties in the confrontation with the experience. 

Emerging as an effective field theory 1911 from the M-theory 1761 1771 11251 11221 

11231 . the Randall-Sundrum model | lD4l as found a simplier description of the world 
where the hierarchy problem is trivially solved. The four-dimensional world percepti- 
ble to us is nothing but a brane embebed in a five-dimensional universe with an orbifold 
structure. The hierarchy will, as in the previous model, be connected to the fact that 
SM fields are located in the brane and gravity propagates through the bulk of that mul- 
tidimensional universe. The stability of such construction as been discussed in 1671 1691 
and the need of the introduction of bulk fields presented. Quantum corrections due 
to the Casimir effect of the extra, compact, dimensions can also be used to stabilize 
the model, and so to stabilize the hierarchy 1621 1741 l63l . In (66||99| the problem of 
renormalizating localized divergences in brane models in a six-dimensional orbifold 
was studied. 

In 1 68 1 a new brane solution was given, having for background a bulk with a black 
hole. This was extended in 1871 and 1481 to the case of an AdS-Reissner-Nordstrom 
bulk's black hole and in 1371 to the six-dimensional bulk case. 
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1.5 Dissertation Structure 

This dissertation is structured in the following way. In the Chapter 2, a presentation of 

the basic formalism needed to the development of any non-abelian Kaluza- Klein theory 
is made. Concepts as fibre bundle, infinitesimal connection and absolute differential 
are defined. Chapter 3 is dedicated to the dimensional reduction process inherent to 
Kaluza-Klein theories. In a first stage, (^-invariant gravity, gauge and matter fields are 
dimensionally reduced over a principal fibre bundle and over a fibre bundle with an 
homogeneous internal space. Then an harmonic abstract analyse of non-symmetric 
fields over a Lie group and a homogeneous space is performed. Being written in terms 
of their ^7-invariant Fourier components, a non-symmetric field can then be subjected 
to dimensional reduction. In Chapter 4, the classification of the types of symmetry 
breakings that can occur at the dimensional reduction process is performed and their 
analyse made. The conditions for the construction of realistic models are discussed 
in Chapter 5, and its main problems presented. One of them, the hierarchy problem, 
naturally conduces to the introduction of the Randall-Sundrum model, theme of the 
next chapter. In the Chapter 6, the Randall-Sundrum model is reconstructed and its 
main properties studied, in particular, the stability of the hierarchy within this model is 
discussed. Finally, a summary of the more important results is presented in Chapter 7. 



Chapter 2 

THE FORMALISM 



The fibre bundle formalism needed for the construction of non-Abelian Kaluza-Klein 
theories is presented. 

2.1 The Fibre Bundle Formulation 
2.1.1 Basic Definitions 

Let be a C'-manifold m-dimensional with a differentiable fibre bundle structure 
M, CJ, TT, $). Vn is the base space, quotient space M/R, where R is some 
equivalence relation on Al, being V"„ a C"^-manifold n-dimensional. M is also a C^- 
manifold and is a Lie group that acts effectively on M, i.e., where there is defined a 
left action over M: 

S-.gxM — >M. (2.1) 

Restrictions of 5 to the first and to the second component of 5 x M are denoted, 
respectively, by 

5g:M — >M, (2.2) 

Sy-.g ^M, (2.3) 

where y G M and g E Q, being the restrictions 5y and Sg defined by Sy{g) = S{g, y), 
g & g and Sg{y) = d{g,y), y & M. We will, in what follows, simplify the notation of 
the action of ^ on M by making gy = S{g, y), g G Q, y & M. 

Finally, tt is the projection of the bundle and $ is a homomorphism family such 
that: 

1 . All <E $ are homomorphisms ofUxM in tt~^{U), where ?7 is an open set of 
Vn, called the domain of 4>, that we will represent by 0c/; 

2. Ifx eU,y e M, then (tt o (j)u){x, y) = x; 
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3. If 0(7 1 0v € 'SE' and a; G U nV, (pu and 0y define homomorphisms of {a;} x M 
and so of M in M^^ = 7t~^{x), homomorphisms that we will represent by ipux 
and (pvx', there is an element g & G such that the automorphism (py]^ o ^jj^, of 
M: 

4. The domains of the elements of <!> cover Vn- 

The fibres M^, manifolds embedded in Ai, are C'-homomorphics with M by <j)ux, 
4>vx and so on. 

Let z be a point of Al such that ti{z) = x E Vn- Then we can take z — (pjjxill), 
with y e M. But o (/)[/^ = 5, for g G t?, so (j)yl o ^^/^ (y) = gy and z = (y) = 

A particular case of a fibre bundle is that in which M and Q are the same manifold, 
and where Q acts in itself by left-translation. In this case the bundle is called a princi- 
pal fibre bundle and will be represented by M{Vn,G, tt, $). Most of the literature on 
non-abelian Kaluza-Klein theories confer this special structure to the m-dimensional 
space-time, being Vn, the base space, a 4-dimensional manifold (n = 4) and the struc- 
ture group Q a compact Lie group. [85 41]. In recent years a generalisation of this 
scheme has been proposed LIS , 43, .44.-120,1 . The spacetime presents there a fibre bun- 
dle structure such that the internal space, M in our notation, is an homogeneous space. 
We will study the two models, starting by the first. 

2.1.2 The Principal Fibre Bundle M (K, Q, tt, $) 

Let us consider a principal fibre bundle CJ, tt, $) and let (pjjx and (pvx be two 

homomorphisms of Q in G^^, where x £ Vn- A point z E A4 over x, that is, a point in 
the fibre Gx, can be represented by z = (puxi'y), for some 7 G t/. But we could also 
use (pyl, o (pifx = g E G to obtain z — <j)vx{g^)- Let j G ^ be another element of 
Q- Then we define a right- translation over M 

zj = (puxilj)- (2.4) 

This definition is independent of the choice of the homomorphism, so we have a right 
action of the group Q defined in the total space M ' : 

*^^:Mxg — >M- (2.5) 
In a similar way, we can define a left-translation over A4 : 

jz = (f>ux{jl), (2.6) 
and so we have a left action of on : 

-'^■.gxM — >M- (2.7) 

'We will use the same symbol $ of the homomorphism family of the bundle M {Vn , G) for the action of 
gonM. 
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Restrictions of the two components of these two actions will be denoted by ^$2, 
and ^^g, ^$2, respectively. Since we have defined two actions, a left and a right, the 
synunetry group of the internal space will not be Q but G y. Q. We will use the symbol 
$ to represent the action of in when the left or right character of the same is not 
important for the considerations that will be done. <^g and <^z will represent, as usually, 
the restrictions of the two components of this action. 

The Vertical Vector Space 

Let TzM be the tangent vector space to in 2; and let T^Gz = Vz the tangent vector 
subspace to the fibre Gz in the same point z. The vectors of Vz are said to be vertical. 

Since preserves each fibre Gx, it transforms each tangent vector to Gx in z to 
a tangent vector in zg to the same fibre. So if r e is vertical so it is $*t, that is, 

G Vzg. 

Fundamental Vector Fields. Let t G be a vertical vector in z = (fyuxil), for 
7 G t/. Taking the differential of (j)^]., we can establish a correspondence between 
TzM and T^Q: 

And so, (t>ul*ziT) € T^g. Let us take 0j = ?!'^^*z(r) for z = (t)ux{l)- 
On the other hand, 

and so (t>v\*^{T) G Tg^Q. It comes that 9g^ ~ (''")■ But (t)y\, o (jyux = g, and so 
(pyl. = gcpux- Taking the differential, one obtains (/'yj,*^ = 9'Pul*z' ^'^'^ 

Og^ = gO^^ 

that is, one obtains a left-invariant vector field in Q. In special, we can take 7 = e, the 
unity of the group. Then 

Og =g6, = g\=^^ {ge'^) , 

where we have made 9^ — X ^ Lg, being Lg the Lie algebra defined in g. In this way, 
the vector field left-invariant 6g can be determined once we know A G Lg. To A one 
calls the element of the Lie algebra Lg generator of the vertical vector r G Vz=<pu^(g)- 
We can also follow the inverse path as we will see. Given a A G Lg, we can deduce a 
left-invariant vector field in Q and from this a vertical vector in A4. 

In a similar way we can define a right-invariant vector field in Q, that is, a field d.y 
such that 

O^g G^g-) 

or, taking 7 = e, 

eg = Xg^^^ {e^'g) , 
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and from this field derive a vertical vector in A4 . 

We can also derive a left-invariant vertical vector field on A^. In fact, using the 
action $ of the group ^ on A^, one can associate to every element X £ Lg a tangent 
vector to at a point z: 

T(^) = $:(A) = |(e*^^)U. 

Let {Xa}a=n,---,m-i be & basis of the Lie algebra Lg and let C^^ be the structure 
constants of Q: 

[Xa,\b]=C^abK,, (2.8) 

where [, ] are the Lie brackets of the Lie Algebra Lg. To each element A^, a = 
n, • • • , m — 1, we can associate a left-invariant vector field (or a left fundamental field): 

Ga = ^(e*^''2;)|t=o, (a = n, • •• ,m- 1). 
This left fundamental fields will then obey the following commutation rule 

An right-invariant vertical vector field on A4 could be derived in a similar way: 
= ■^{ze^^'')\t=o, (a = n,---,m- 1), 

and 

[e?,ef] = C^be^ (2.10) 

We have the important property that {e^}a=n,--,rn-i (and {e^}a=n,-,m-i) con- 
stitute a basis of the vertical tangent space Vz at a point z & M. 

Infinitesimal Connection on a Principal Fibre Bundle 

To define an infinitesimal connection Hz at a point z E A4 we must specify a field of 
vector subspaces Hz of TzA4 that satisfies the following conditions: 

L Hz is complementary to Vz'. and so all r e TzM can be decomposed in a 
vertical part Vr plus a horizontal part Ht e Hz', 

2. Hz depends differentially on z; 

3. Hz it's ^-invariant in the sense that: 

Hzg = ^;hz. 

To do this we define a -valued 1-form uj such that 

1. If T is vertical, co{t) is the element of Lg generated by r; 

2. u! depends differentially on z; 

3. u{'^;t) = Ad{g~^MT). 

One can prove that for t G Hz, u){t) = 0. 
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Local Sections. Let {Ui}i=i^2,- - be a covering of the base space Vn- For each set Ui 
let us suppose that there is defined a section ai : Ui C Vn — > M- Since iroai = idv„, 
we shall have, for a: G Ui D Uj , that ai{x) andcrj(a;) should be over the samefibreGa;. 
The two sections can then be connected by an element gij{x) of Q (no sum over the 
indices is made): 

cri{x) = gi.j{x)(Tj{x). (2.11) 

Let V e TxVn be a tangent vector to Vn at x. Then to this vector we can associate the 
vectors — (t*^v e Tg..(^ri,)M and Tj — a* G T^./^^-fAi. By taking the differential 
of ( 12. lU . and noting that 5ij(a;)crj (a;) = (l)Ujx{gi]-f) where crj(a;) = (jyujxi'j), (j^u^x e 
$ and 7 G C/, we shall have 

<x = 9ij{x)crl^ + dg,jaj{x), 

and using aj{x) = 5j^^(a;)cri(x), 

<x = 9ij {x)^lx + 9ij^{x)dgi] Oi (a;) • (2. 12) 
By applying a*^ to i; we get 

= gij-Tj + g:r.^dgijai{x). (2.13) 

Let us define a Lg valued local one-form Ai over Ui C y„ by 

A,{v)=u{t,), (2.14) 

where w is the infinitesimal connection form defined on the principal fibre bundle A4. 
We shall call Ai the local induced connection form on Ui. By ( I2.13> we should have, 
for two local induced connection forms on two subsets Ui and Uj of Vn, the following 
relation 

A, = Adigr/)A, + g^/dg,,, (2.15) 

where Aj and Ai are the local induced connection forms over Uj and Ui, respectively, 
and gij is the element of Q that connects the two sections defined over Ui and Uj. 
These local induced connection forms will be used when we discuss the Yang-Mills 
potential. 

The importance of this local induced connection forms is that not only an infinites- 
imal connection form uj over the principal fibre bundle Ai can define them all, once 
given a family {Ui, di}, with {Ui} a covering of and {cTi} a family of local sections, 
(Ti : Ui C Vn — » A4, but that the converse it is also verified, that is, for a covering of 
Vi provided with local sections, the information consisting of a set of -valued local 
forms Ai of Vn and which satisfy ( I2.15t determines an infinitesimal connection on Ai 

ca. 

In fact, let us consider a tangent vector r e T^Al to AI at a point z. If x — 7r(z) S 
Vn is the point lying under z, then we can project t inVn as v — 7r*r. If x £ Uj then 
there is an element g{x) e G such that we can write z — g{x)Aj{x). We shall define 
then, the infinitesimal connection form of a vector t £ T^Ai in z hy 



u;{T) = Adig-^)A,iTT:r)+g-^dg. 



(2.16) 
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One can then prove that this definition is independent of the local section chosen and 
that extending ( I2.16t to all points z of Al we will get a -valued one-form over A4 
that satisfies all the properties of an infinitesimal connection form. 

The Absolute Differential. We are now capable of defining the absolute differential 
of a g-form. Let a be a M-valued (/-form, where M is a vectorial space. The absolute 
differential of a, represented by Da, is a (g + l)-form defined as 

Da(ro,ri, ■ ■■ ,Tq) = da{HTo,HTi, ■ ■ ■ ,HTq), 

where da is the external differential of a. One of the properties of the absolute differen- 
tial is that if one or more of the vectors tq, ri, • • • , are vertical then Da{TQ,Ti, ■ ■ ■ ,Tq) = 
0. 

The Laplacian. Let us define an operator 6 that acts on p-forms {0 < p < m) defined 
over M that transforms every p-form a in a (p — l)-form Sa, called the codifferential 
of a, and that it is defined by 

where ★ is the Hodge operator and D the absolute differential in relation to some in- 
finitesimal connection. 

The Laplacian operator A is defined by means of the relation 

A = D6 + SD = {D,S}, 

and it is an operator defined over Ai that brings into correspondence every p-form a 
to a p-form Aa. It reduces to the ordinary Laplacian of a function when applied to a 
0-form. 

The Curvature. The curvature of an infinitesimal connection is a Lg-value 2-form 
^l defined as 

n^Duj. (2.17) 

One proves OEH that 

n^duj + ]^[u},Lo\, (2.18) 
where [, ] are the usual Lie brackets of the Lie algebra Lg. 

2.1.3 The Fibre Bundle (K, M, ^, tt, $) with M a Homogeneous 
Space 

As it was noticed by Luciani 1921 . a possible generalisation of the previous scheme 
is the one in which the spacetime possesses not a principal fibre bundle structure but 
a fibre bundle structure Ai{Vm M, Q, tt, $) with fibres that are homomorphic to 
an homogeneous space Q/H in which a Lie group Q acts from the left. The internal 
space M is identified with a homogeneous space for economical reasons since that is 
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the space of lowest dimension that is possible to construct for a given symmetry group 
(T2OJ. These types of spaces, in which a Lie group acts, are conveniently treated by the 
Klein geometry description, description that we will present next. 

Klein Geometries 

In the Klein approach to geometry [191, one describes the geometry of a differentiable 
manifold M on which a Lie group Q acts from the left in terms of the pair [Q^TL), 
being Ti. <zQ a. closed subgroup of Q, the stabiliser of a fixed point j/o of M 

'H = Ho = {g eg : gijo = yo}. 

To the pair {Q, H), where G is a Lie group and 7i C is a closed subgroup such 
that Q /H is connected one calls a Klein geometry. The connected coset space Q /H 
is called the space of the Klein geometry, or simply the homogeneous space. One can 
then study {M, yo! by studying its Klein geometry {Q, H)^. 

Associated to a Klein geometry {Q, Ti) there is the principal Ti bundle 
G{G /'H,'H,p,'i'), where p is the trivial projection that to an element g of Q makes 
corresponds an element [g] of Q /H. [g] is the class equivalence such that two elements 
g and g' of Q that differ from each other by the left product of an element of H are 
considered equivalent, that is [g] = g = hg, for/i g H. In order to reduce this principal 
bundle one must introduce the notion of the kernel of a Klein geometry {Q, Ti). 

The kernel of a Klein geometry (CJ, Ti) is the largest subgroup JCofH that is normal 
in Q, that is, such that JC is an invariant subgroup of Q: 

Ad{g)JC c JC. 

One can prove that this subgroup is a closed Lie subgroup of Ti, and that the left action 
of ^ on /Ti induces a left action ofQ/JConQ /Ti, and that there is a diffeomorphism 
{G /K-)/ [Ti/JC] Q /Ti commuting with the canonical left Q /JC actions. So, for any 
closed subgroup Af C JC that is normal in G one can always construct a Klein geometry 
{G /JV,Ti/Af). The homogeneous space of this pair, that is, the space of this Klein ge- 
ometry, {G /N)/{Ti/N) is isomorphic with the homogeneous space of the pair {G,Ti). 
The notion of effectiveness of a geometry comes then in to play. 

A Klein geometry {G, Ti) is effective if /C = 1 and locally effective if IC is discrete. 
It is now obvious that the geometry {G /JV,Ti/JV) is ineffective except when Af — IC. 
In this case one calls to the Klein geometry {G /JC, Ti/JC) the associated effective Klein 
geometry of the pair {G, Ti). 

Since the two descriptions {G, Ti) and {G /JC, Ti/JC) are equivalent, we have reduce 
the principal Ti bundle to a principal Ti/JC bundle. Since {G / JC) / {Ti / JC) is isomorphic 
with G/JC the base space of this bundle is basicly the same as the base space of the 
previous principal bundle, changing only the fibre, that is, the structure group (from Ti 
to Ti/IC). 

The following notions will be useful later on. 

A Klein geometry is called reductive if there is a decomposition Lg — L-h © L-p, 
where Lg and L-h are the Lie algebras of G and Ti, respectively. 

^Here and in the following we suppose that all the stabilisers are conjugated to one only stabiliser Ti. 
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An infinitesimal Klein geometry (or a Klein pair) is a pair of Lie algebras {Lg , L-h ) 
where L-j-c is a subalgebra of Lg. The kernel Lfc of {Lg, L-h) is the largest ideal of Lg 
contained in L-h- If Lt-c = the Klein pair is effective. If there is a L>^-module 
decomposition Lg = L-u + L-p then we say that the Klein pair is reductive. 

The Principal Fibre Bundle Associated 7W(F„, ^, tt, l>) 

The action of Q on M can be extended to a left-action on the total space A4 by means 
of the elements of the homomorphism's family $. In fact, let (t)ux and ipvx be two 
homomorphisms of M in and let z — tt{x) E be a point over x E Vn- Then 
there exists a point y of M such that z ~ (pjjxiy)- Using (j)vx we can also make 
z — 4>vx (gy) for some g E G- We define the left-translation of C/ on by means of 

jz = (l>Ux{jy) = (t)ux o 6{j,y), (2.19) 

with j G Q. One can prove that this definition is independent of the homomorphism 
chosen, and so we have defined a left-action of ^ on Al. 

Since there will be only a left-action of the Lie group Q on M and on A4 (and not 
two actions as in the previous case), the symmetry group will be isomorphic with Q, 
and we shall identify Q with it. 

To the fibre bundle Ai{Vn, M, Q, tt, $) we can always associate a principal fibre 
bundle M{Vn,G, tt, $) that determines the first and that is determined by it [191. The 
necessary condition is that the fibre bundle A4{Vn, M) be effective, that is, that the 
action of C/ on M be effective in the sense that for each automorphism of M there is a 
correspondent element g of Q that produces the same effect when acting on AI and that 
for each element g of G there corresponds an automorphism of M. Obviously this is 
not the case. There is a subgroup TiofQ that doesn't affect the internal space M with 
its action. If H isn't normal in Q one can not perform a reduction of the structure group 
ofQ ioQ /Ti and consider Al(l/„, M) as a /Ti, fibre bundle. There are two paths that 
we can follow: the first is given by the Klein geometry description; the second has its 
beginning on the introduction of the normaliser Mg (H) of Hon Q. 

Following the Klein geometry description, the pairs {G, H) and (Q / IC^TL/ JC), where 
/C is the kernel of the first pair, are geometricly equivalent. The two homogeneous 
spaces being isomorphic are basicly the same and so M remain - by an isomorphism 
- unaltered. Since t///C is normal in Q (because both Q and JC are normal) we can 
perform the following group structure reduction Q — > G /K.. In this way the fibre 
bundle A4{Vn, M) can be regarded as an effective G/IC fibre bundle. To this we can 
now associate a principal fibre bundle Ai{Vn,G, tt, taking for the structure group 
G = G/IC. This associated principal bundle can then be treated with the tools of the 
previous section. The Yang-Mills Fields will have their values not in the Lie algebra 
of G but on G/IC. Basicly G/IC is the smaller subgroup of G that contains the homo- 
geneous space M = G /"H, and so what we have made is that we have "enlarged" a bit 
the homogeneous space in order to become a subgroup, being then possible to define a 
principal fibre bundle in which we can define an infinitesimal connection. 

The other path is not to "enlarge" the homogeneous space M = G /"H in order to 
obtain the smaller subgroup of G on which G /Ti. is contained but to "shrink" the last 
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to the maximal subgroup contained on Q/H. In order to do so we must define the 
normaUser of a subgroup. The normaliser Afg {Ti) of H on ^ is defined as the maximal 
subgroup of ^ in which H is normal. It is explicitly defined as 

Afg{n) = {neg -.nHncH}. (2.20) 

Let it be defined the submanifold of by 

M = {z€M:n,=n}, (2.21) 

with Hz the stabiliser of the Q action on the point z. One proves that A4{Vn,G, tt, $) 
is a principal fibre bundle defined over Vn and such that its structure group is ^ = 
A/g {H.) /H (this is the maximal subgroup contained on Q /H). 

The Yang-Mills Fields will then be valued on the Lie algebra of ^ = Mg{'H)/Ti. 
Since the dimension of NgiJ-Cj/TL is inferior to that ofQ/JC, one usually prefers, for 
economical reasons, the first as the structure group of the associated bundle^. 

A special case of the previous scheme is the one in which a global section of M., 

that is W-invariant is given, i.e., such that a{hx) = <t{x), for allh gH and x G Ad.ln 
this case we can construct a submanifold of A4 that is 7i-invariant. By redefining the 
base space of M to be such space, we shall have a fibre bundle in which the normaUser 
of H in G will be identical to H (by the supposed existence of a). Then A4 will 
be a fibre bundle defined over the new base space of A4, having for structure group 
Afg{H)/H = {e}. We can then identify this trivial bundle with its own base space. 

The Lie Algebra Decomposition. Let us suppose that the Klein geometry {Q,H) 
is reductive. Then we can make the following decomposition of the respective Lie 
algebra: 

Lg = Ln®Lp, (2.22) 

such that 

Ad{n)LT:> C Lr, (2.23) 
or, since H is connected, at an infinitesimal level, 

Ad{Ln)Lr C L^, (2.24) 

that can also be written as [L-h, L-p] C L-p. If [L-p, L-p] C L-n then the homogeneous 
space G/H is called symmetric (see next paragraph). 

Another decomposition of the Lie algebra of Q can be made if we consider the 
normaliser of H on Q: 

Lg = Lj^®Lc, (2.25) 

with 

Ad{Af)Lc C Lc, (2.26) 

^we shall use always this version. 
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and where Ljv denotes the Lie algebra of Afg (H). If Af is suposed connected we shall 
also have 

Ad{Lu)Lc C Lc. (2.27) 

Since H is contained on J\fg{H), if the Klein pair {Lj^, L-h) is reductive we can 
also make 

L^ = Ln®Lj, (2.28) 

with 

Ad{n)Lj c Lj. (2.29) 
We can write the previous equation at an infinitesimal level, 

Ad{Ln)Lj c Lj. (2.30) 

If L J- is orthogonal to the complement of L-^ on Lj^ then we have that L j will be 
also an invariant subspace in relation to Afg (H), that is, 

AdiJ^)Lj c Lj, (2.31) 

or 

Ad{Lj^)Lj c Lj, (2.32) 
The following the composition of the Lie algebra Lg is then possible 

Lg = Ln®Lj®Lc, (2.33) 

and since we have J = M jJi, 

Lg = Lu® Lj^/n © Lc. (2.34) 

More, being 

L-p = L^/n ® Lc, (2.35) 

we can identify Lj^jj^ ® Lc with the tangent vector space to M = at the origin, 
that is, we have 

TeM = Lj^,u © Lc. 

This will be useful when we discuss the fibre bundle of adapted frames of AA. 

A special case of Lie algebras that will be used through this paper are the semisim- 
ple Lie algebras. 

Let Lg be a Lie algebra and L-h C Lg he a linear subspace of Lg. Then L-h is 
called an ideal of Lg if [Lg, Lji\ C L-^. It is obvious that an ideal is also a subalgebra. 
Let us take 

VLg = [Lg, Lg], 

for the linear span of elements of the form [u, v], with u,v E Lg. This subalgebra is 
called the derived algebra of Lg. By defining inductively V^'Lg, n > 0, 

= Lg, 
I?" = V{V''-^Lg), 
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we shall have the following sequence, 

V^Lg D V^Lg D • • • D V'"-^Lg D V"Lg. 

A Lie algebra Lg is said solvable if V^Lg = for some n > 1. The radical 
Tl{Lg) of a Lie algebra Lg is defined as the largest solvable ideal of Lg that contain 
all solvable ideals of Lg. We shall have that a Lie algebra Lg is solvable if and only if 

n{Lg) = Lg. 

A Lie algebra Lg is said semisimple if its radical is null, Tl{Lg) = 0. An equivalent 
way of defining a semisimple Lie algebra is by the introduction of the its Killing-Cartan 
form 

B{u, v) = Tr{AduAd^). (2.36) 

A Lie algebra is then semisimple if its Killing-Cartan form B is nondegenerate Js). A 
Lie algebra Lg ^ {0} is simple if it is semisimple and has no ideals except {0} and 

Lg. 

We now present some useful theorems on semisimple Lie algebras. 

Let Lg be a semisimple Lie algebra, Ln an ideal in Lg and L-p the set of elements 
A e which are orthogonal to L-n with respect to B. Then Lyi is semisimple, L-p is 
an ideal and 

Lg = Ln®Lv. (2.37) 
A semisimple Lie algebra L-h as centre {0} and can be decomposed as 

Ln^^^iL-^^, (2.38) 

where L^, 1 < 7 < n, are simple ideals in Lg, and such that every ideal L'^ of L-h 
can be written as a direct sum of certain 

Every compact Lie algebra Lg can be written as 

Lg^C{Lg)®VLg, (2.39) 

being C(Le) the centre of Lg and VLg semisimple and compact. 

Symmetric Spaces. Let be a connected Lie Group, H C G ^ closed subgroup of 
Q and a an involutive automorphism of Q. If e e 7Y C Ga, with Ga C G the closed 
subgroup of G consisting of all the elements left fixed by a, then the triple {G, H, a) is 
defined as a symmetric space 1 141 . 

A symmetric Lie algebra is a triple (ig, L-h, cr) with Lg a Lie algebra, L-h a sub- 
algebra of Lg, and a an involutive automorphism of Lg such that L-j-i consists of all 
elements of Lg that are left fixed by a. 

Let {GjTi-, a) be a symmetric space. Then {Lg, L-j-c, a*) will be a symmetric Lie 
algebra. Conversely, if {Lg,Lu,cr*) is a symmetric Lie algebra and is a simply 
connected Lie group with Lie algebra Lg, then the automorphism a* of Lg will induce 
an automorphism a of G and, for any Ti. lying between Ga and e, the triple {G:'H,u) 
will be a symmetric space. 
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Since a is an involutive, we can use it to perform a canonical decomposition of Lg: 
being L-j-i the eigenspace associated to the eigenvalue 1 of cr, if we take L-p to be the 
eigenspace of a corresponding to — 1 then we can take 

Lg^Ln®L-p. (2.40) 

Moreover, using a we can demonstrate that 1141 

[LH,Ln](lLH, (2.41) 

[Ln,Lr]cL-p, (2.42) 

[Lr,L-p]cLn, (2.43) 

and that we have 

Ad(n)Lv c L-p, (2.44) 
or if H is connected, at an infinitesimal level, 

Ad{Ln)Lv C Lv. (2.45) 

A symmetric Lie Algebra {Lg, L-h,(j) is called orthogonal if the connected Lie 
group of linear transformations of Lg generated by Adj^g {Ln) is compact. If is 
such that has a trivial intersection with the centre C{Lg) of Lg, then we can write 
{Lg, Lfi, a) as a direct sum of orthogonal symmetric Lie algebras {Lg, L\^, cr^) and 
{L'g, L^, (7^) with the following properties ||12( 

1. If Lg — L\^ L]y and i| = L"^ are the canonical decompositions, then 

[L\„ L],] = [L^, L^] ^ [L],, L^] = [i^, Ll] = 0. (2.46) 

2. is semi-simple. 

If Lt-c does not have a trivial intersection with C{Lg) we can always write 

Lh=L°^(BL'^, (2.47) 

with L'^ having a trivial intersection with C(Lg) and = Ln n C{Lg). We can then 
apply to (Lg, L^, cr') - that will be also a symmetric Lie algebra - the same theorem, 
obtaining then the following decompositions of both L'^ and L'p, 

L^ = L^©L^, (2.48) 

L'p^L'^®L'^, (2.49) 

with L'-p — Lip n TZ{Lg), being TZ{Lg) the radical of Lg, and L'p an Ad{Lg)L'^- 
invariant subspace of L'p. 
We then have, 

Ln = L°^®L'^®L'^, (2.50) 
L°^®L'p = L'.^®L'^. (2.51) 

A more general decomposition of an effective orthonormal symmetric Lie algebra 
can then be performed |8|: let {Lg,L-}i, a) be an effective orthonormal symmetric Lie 
algebra. Then there exist ideals Lg, Lg, Lg in Lg such that 
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1. = ® ® 1°. 

2. Lg, Lg and Lg are invariant under a and orthogonal with respect to the Killing- 
Cartan form of Lg. 

3. By denoting the restrictions of a to Lg, Lg and Lg as cr", and a^, respectively, 
we shall have that [L^g, L^,a°),{Lg, L}^,a^) and (Lg,L^,cr^), with L^^ C 
L'g, 7 = 0, 1, 2, ideals in Lji, orthogonal with respect to B and L-u = L^ 

® are effective orthogonal symmetric Lie algebras of the Euclidean type 
(that is locally euclidian), compact type and non-compact type, respectively. 

The decomposition of L-u into no more of tree ideals will be of extreme importance in 
the scalar field analysis for determining spontaneously symmetry breakings in Kaluza- 
Klein models with an internal symmetric space (cf. chapter 4). The following relations 
will be very useful |8 1, 

1. = {g e Lg : B{g,g') = for all g' G Lg}. 

2. [Lf,Lr]=Q. 

a 7-(l) _ rr(l) r(l)l 
J. — [J^-p , -tJp J ■ 

5. is the orthogonal complement to i^-* and L^^ by B. 

6. [L^^Lp''] = [L^\_Lp^] = 0. 

7. \l\^ ,L^^\ = [I/^\Z/p''] = 0. 

8. [Z/^^Lp-*] = [I/^\Z/p''] = 0. 

2.1.4 The Fibre Bundle of Linear Frames 

In order to define a linear connection over M., let us consider the tangent vector space 
TzM. in a point z £ M. We will call a frame with origin z to a basis {ea}^ZQ of 
TzJ^ and we will denote it by e^. To this frame in z it corresponds a coframe in the 
same point, that is, a basis {^^}'^Zq of the cotangent vector space T*M. such that 

e^{(ia) — <5f ■ We will represent this coframe with origin in z e by Cz. 

Let Q^- be the set of frames with origin in z <E and the set of coframes with 
the same origin. The fibre bundle of linear frames of Al is the principal fibre bundle 
that has as its total space the differentiable manifold 

E{M) = U Q^ (2.52) 

as its base space the differentiable manifold as its the canonical projection p the 
mapping of E{M) into M such that to a frame brings into correspondence its origin 
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and that possesses as structural group the linear group, GL{1, m ~ 1;TZ). Taking in 
( I2.52> not but the set of coframes with origin in z S M, Q^, and constructing in an 
analogous way a fibre bundle structure with the same structure group GL{1, m—l;TZ) 
we will obtain the fibre bundle of linear coframes, bundle that we will represent by 

E*{M). 



The Linear Connection. A linear connection on A4 is an infinitesimal connection 
on the principal bundle E{A4). Thus at the point G E{A4) the form di of the linear 
connection will take its values on the Lie algebra of the structure group of E{Ai), that 
is, on the Lie algebra of GL{l,m — 1;TZ). It can, in this way, be represented by a 
m X m matrix which we shall denote by a) = (ci?). Being uj a one-form in A^, we can 
write it as li = tD^e^ or in terms of its components as 

where 7^? are the coefficients of the linear connection at the point z G in the 

737 

coframe e^. If the coframe is a natural coframe of local coordinates then we represent 
the hnear connection coefficients by r"?. . 

01 



The Covariant Derivative. Let w be a contravariant vector field in M. and consider 
two covering neighbourhoods U and V that contain both a point z e A^, that is, 
z G [/ n V^. To each of these neighbourhoods one can assign a different frame, for 
U and ey for V . These two, appartening to the same vectorial space, T^A^, can be 
connected by a regular m x m matrix, 

e^=Ap1 {ej eev,e&eeu), (2.53) 

and so, if one writes the components of v in these to frames as a row matrix in the 
first frame and in the second and put — (A|?) then 

Differentiating the both sides 

dv^ = dk^v^ + k^dv^ , (2.54) 

where dAy is the matrix which components are the differentials of the elements of Ay. 
The Unear connection form transforms as 

uv = (A^)-it2't/A^ + A^dA^, (2.55) 

and so 

Qjyv^ = AIloijA^v" + Aldk^v"^, 
where A\j = (A^)-i. But A^w^ = and = d(A^A^) = dA^A^ + A^dA^, so 

ujyv^ = k^jCoijv^ - dk'(jv^ (2.56) 
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Adding J2.56> to J2.54> we get 

so, if we make 

bv^ ^ dv^ + Cjuv^ , (2.57) 

we will have 

We see that bv transforms itself in the same manner as v, so it is a contravariant vector 
1-form. It is called the absolute differential of the vector field v. To the associated 
tensor one calls the covariant derivative of v. 

In terms of components, M.51\ assumes the form 

bv^ ^ dv^ + ujfvP , 

Apart from the covariant derivative of a vector field, or, by generalisation, of a 
tensor field, one can construct two important local tensors: the torsion and the curvature 
tensors. 

The Torsion Tensor. Let us take the differential of the transformation law for a 
coframe , 

de^ = d(A^e^) = dA^ A + A^de^, 
and the exterior product between the linear connection form ujy and the coframe e^, 

A = A^a)c/A^ A + A^dA^ A = A^jUJu A ~ dk\j A A^e^ 

= k\jLOu A - AdA^e^. 

If we add the two we will get 

de^ + A = }C(j{de^ + W[/ A e^), 

that is — de^ + luu A transforms in the same way as the coframe, meaning, it 
is a contravariant vector 2-form on E{Ai). It is called the torsion form of the linear 
connection. In the frame , we have 

± = t"e& = {de" +Luf A 6^)65, (2.58) 

or, being S" a 2-form, 

= -t% Ae' ^ -S%. ei^ Ae"', (2.59) 

2 /37 /37 ' 



or, 

bv^ ^ 

where we have made 
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with S'^, a tensor of rank (1, 2), the torsion tensor associated to S. 
In a natural coframe of local coordinates we have, since e" = dx", 

= A dx^ = ti.dx"' A dx^ = --(f t- - T'^Mx"' A dx^ . 
So the components of the torsion tensor will be 

S'f. = i(fi -f".). (2.60) 

Pi 2 P'T iP' ^ ' 

The Curvature Tensor. Let us now take the differential of the linear connection 
form, 

dujy = d(t^Qjijk\,+}^dk\r) = dA^AcZ^t/A^+dA^AdA^+A^dtjj/A^+A^cI^c/AdA^, 
and the external product of the linear connection form with it self, 

Qjy ^GJv ^ A^cjc/ A a)c/Ay + A^a)^/ A dt^ - dA^ A wc/Ay - dA^ A dA^. 
Adding the first equation to the second, we obtain 

dujy + a)y A (by — tC(j[d(bu + (Dc/ A d);7)Ay, 

or, if we write 

r2[/ = dCju + uju A uju^ (2.61) 
we have the following transformation law 

(ly = (M.y^tivkl, 

that is, transforms itself as a tensor of rank (1, 1), that is, it is a tensor 2-form of type 
Adg-i. It is called the curvature form of the linear connection. It could be directly 
derived from the Maurer-Cartan equation ( I2.18> . Being the curvature a tensor of rank 
(1, 1) we can write 

^ = i7|ea = {dw^^ + w| A cZ^pe^ ® . 
One defines the curvature tensor associated to Vl by the relation 

The Biachi Identities. The Bianchi identities are obtained by taking the differential 
of both ( I2.58t and (12. 6H . and writing the right side of both equations in terms of S and 
Vl. The final expressions are 

dt = ClAe-Lj ht, (2.63) 
dtl^ = VL Alo - Co ht. (2.64) 
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2.1.5 The Fibre Bundle of Affine Frames 

In each point z of M the tangent vector space T^Ai admits a natural affine space 
structure. An affine frame 5^ in z £ will be defined by a vector O E T^Ai, named 
the origin of the frame, and by a basis of the tangent vector space TzM. 

Let us consider two frames in the same point z, S*^ — (O, e^) and 5^ ' = (0',e^'). 
One wants to know how to connect this to frames. If we denote by e™ and e'„ the 
origins of 5^ and S^, respectively, where m is the dimension of T^Ai, then the trans- 
formation rule is the following 

e'^ = e&Aj, (2.65) 
e'^^ em + v"ea, (2.66) 

where v = O' — O = v°'ia- 

If we make the following definition 



where L is a (m + 1) x (m + 1) matrix, then we see that the equations (12.65112.6^ can 
be written as 

e'^^Sc^Lj,, (2.68) 

or 

S' = SL. 

The set of the matrix L make a group under matrix multiplication that is isomorphic 
to the affine group GA{1, m; TZ), and we shall identify it with this group. 

Let be the set of all affine frames in the point z E A4 and let us construct the 
following set 

It can be shown that it is possible to define a natural differentiable manifold structure 
in £ and from this a structure of fibre bundle, being the structure group the affine group 
GA{1, m; TZ). To this bundle £{A4) one calls the fibre bundle of affine frames. An 
affine connection cu^ in A4 will be defined as a infinitesimal connection on the fibre 
bundle of affine frames. 

In general it is possible to associate to every linear connection on Ai an affine 
connection. One has 



Lb 



where is the coframe associated with and O is the origin of the affine frame. 
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2.1.6 The Fibre Bundle of Orthonormal Frames 

Once defined a structure of a Riemannian manifold over A4, it is possible to define in 
each tangent vector space T^M, z £ M, an orthonormal frame using the metric 7 
of this manifold. It will be defined as a basis {escj^^Q of TzM. such that the vectors 
€& satisfy the relations 

If and ' are two orthonormal frames at z, then exists an orthogonal mxm matrix 
A such that 

' = e^A, 

or 

As before, let us consider the set of orthonormal frames with origin z. And let 
us consider the following set 

E{M) = U Q\ 

It is now possible to define on E{M) a topology and a natural differentiable mani- 
fold structure and, after defining a projection p such that, to every frame of E(A4) 
brings into correspondence its origin, that is, the point z, will be possible to construct a 
principal fibre bundle over A^, being the total space E{M.) and the structure group the 
orthogonal group 0(1, m — 1: TZ). The bundle E{A4, 0(1, m — l;TZ),p, is called 
the Fibre Bundle of Orthonormal Frames. 

The Minkowski Connection. An Euclidean Connection, or a Minkowski Connec- 
tion, on A4 will then be an infinitesimal connection on E{A4). 

It is possible to associate in a natural way a linear connection with every Minkowski 
connection. Representing the last by Q and the first by a) one sees that for a covering 
U of A4 the following definition 

is independent of the covering U chosen. In order to a linear connection be naturally 
associated with a Minkowski connection, it is necessary and sufficient that the absolute 
differential of the metric tensor in this connection be zero, that is, that the connection 
be metric compatible. 

2.1.7 The Fibre Bundle of Afifine Orthonormal Frames 

The Fibre Bundle of Affine Orthonormal Frames of A4 or simply the Minkowski Affine 
Bundle, £{M), can be defined in the same way as the Fibre Bundle of Affine Frames 
taking for it's total space the set of the affine frames that verify the orthonormaUty 
condition and for the transformation matrix 

L = iL,^)={^^ / J- (2.70) 
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The structure group will be the affine orthogonal group AO{l, m; TZ). 

2.1.8 The Fibre Bundle of Oriented Orthonormal Frames 

An orientation in a point z & M is a pseudoscalar e with square 1, that is, chosen two 
frames and ' at 2; that are cormected by the transformation rule 

' = e^A, 

the value of e is the same in the two or change signal if det(A) > or det(A) < 
0, respectively (e = ±1). We say that is an orientable manifold if there is an 
orientation in all the points z £ M. 

If M. is orientable then the fibre bundle of orthonormal frames E{M) admits two 
distinct components, that is, there exist at each point z of A4 two arcwise connected 
families of frames, the determinant det(A) associated with two frames of the same 
family are positive (the frames are in the "same side" of M., that is, have the same 
orientation), that associated with two frames from different families are negative. Each 
component admits a principal fibre bundle structure over M, with the component of 
the identity of the linear group as structural group. We will denote the two components 
of the fibre bundle of the orthonormal frames of A4 by {A4 ) and E- {A4 ) . They are 
called the fibre bundles of oriented orthonormal frames of M. 

In order to define a time-orientation, we must define over A4 a timelike vector field 
T such that 

7(t, t) < 0. 

We are then capable of distinguishing between those frames that are transformed by 
a proper orthocronous Lorentz transformation, that preserves the nature of each vec- 
tor of the frame, i.e., that transforms a timelike vector into a timeUke vector and a 
spacelike vector into a spaceUke one, and those that don't. We will represent the two 
subsets, respectively, by E^{M) and for the oriented component E+{M) 

of the bundle of orthonormal frames. Both components of will possess a 

structure of a differentiable principal fibre bundle, possessing for the structure group 
SOl{l,m - 1;7^) or SO\_{l,m - 1;TZ). We will restrict ourselves to the bundle 
eI{M) that possesses for structure group the Lorentz group of proper orthocronous 
transformations SO^_^{l, m — l;Tl). 

2.1.9 The Fibre Bundle of Spinors 

Let us assume that M is an orientable riemannian manifold with metric 7. Then the fi- 
bre bundle of orthonormal frames of A4 will be composed of two components E+ (M) 
and E- (M). If one defines a time-orientation in M then these two will be also com- 
posed by two components E^{M.) and E^M). Let us consider the fibre bundle of 
Lorentz proper orthocronous transformations E^{A4). 

Let G be a universal covering group of SO^_^_{l,m — 1;TZ) and 

A : G — y SOl{l,m-l;n) 
*It will be the spinor group Spin^_ (1, m — 1; M). For the simple case m = 4 one has £ = SL{2, C). 
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a homomorphism covering. A spin structure over A4 for E^_^(A4) will be a differen- 
tiable principal fibre bundle ^(A^ , G, p, with the structure group G, the projection 
p together with a differentiable map 

S : E{M) — ^ eI{M), 
such that the following diagram commutes 

^(7W)xG ^ E|(A1) X 50^(l,m- l;7^) 
i _ i 

P\ / P 

M 

We have that S commutes with the group operations, that is, for A G G, 

SoA = A(A)o5. 

A spin connection over is an infinitesimal connection on the spin fibre bundle 

E_(Ai) and it will be represented by a -valued one-form w. 

Taking the pullback of A we can estabhsh the following relation between the spin 
and the Minkowski connection form: 

where the pullback is determinated in the unity e of the Lie group G. Since A : G — > 
SO\{l,m- l;7^) is a homomorphism of Lie groups, A*e ■ Lq — > L^^r m—i-TZ) 
will be a homomorphism of the corresponding Lie algebras. And so we shall have 

[A*e(A), A.e(A')]L^^^^^^^_^^^^ = A.e([A, A']i^), 

where [, 1 l , and [, 1 are the commutators of the Lie algebras of SOl_(l, m— 

1; TZ) and of G, respectively, and A, A' € Q_. 

We shall now define I = A~^, where e is the unity of S0\_{1, m— 1; 7?-). Since I 
establish a homomorphism between the Lie algebras of G and SOl^(l, m — 1; A^) we 
can make, by ^, a correspondence between Co and ur. 

w = l{u)). 

We will construct I in the following way, being G a subgroup of a Clifford algebra 
G(l, m — 1), let us consider the action of G(l, m — 1) over each fibre of K{M). Let 
{'y-}&=o linear operators on each fibre of the spin bundle, representing the 

generators of G(l, m — 1): 

[7a.7^] = 2^a/3' (2-71) 
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where r]^^ = diag(— 1, 1, 1, 1) is the Minkowski metric. The generators of the local 

proper orthocronous Lorentz transformations, that is, a basis of the Lie algebra of G, 
will be related to the generators of the Clifford algebra by 

so if we make, for an element A of the Lie algebra of SO\. {l,m—l;TZ), the following 
definition 

/(A) = Ia^%^, (2.73) 

we have establish a homomorphism between the two Lie algebras. In fact we can prove 
that [[(A), [(A')] = [([A, A']). 

Furthermore, we will have that, for A e SO^_^_{l, m — 1; 7?-), 

[/(A),7"] =7'^A|. (2.74) 
In this way we have for a natural spin connection over A4, 

where Q"-^ are the components of the Minkowski connection for the basis of the Lie 
algebra of 50^(1, m — 1; 7?-) related to by 1. Calculating the commutators and 
the anti-conmiutators we will get for the spin connection 

^=i'^a/37V. (2.75) 

The Spinor Differential. Let ^ be a spinor, i.e., ^ e E{M). We define the spinor 
differential of ^ as the absolute differential of ^ in the spinor cormection ui: 

m = dct> + uicl) = dci)+ \c,^02"l^^' (2.76) 

or in components D(j) = V^^e^. 

Tlie Spinor Curvature. The curvature form of the spin cormection is given by O = 
Du) and it can be written in terms of cD: 

The Riemann and Ricci tensors can be determined directly from the last expression. 
We have in a coordinate basis 

From this we can calculate the Ricci tensor and the scalar of curvature in the usual way. 
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The Dirac Operator and the Spinor Laplacian. The Dirac operator is defined by^, 

^0 = /Y^0. (2.77) 

A spinor field that satisfies pel) = is called an harmonic spinor. The square of the 
Dirac operator is called the spinor laplacian and is given by 

A = + \& (2.78) 

where R is the scalar of curvature. 



2.1.10 The Fibre Bundle of Adapted Orthonormal Frames 
The Principal Fibre Bundle M{Vn, Q, tt, $) 

Let us consider the fibre bundle of orthonormal frames E{M) over M{Vm G, tt, $) 
whose structure group is the orthogonal group 0{l,m — 1;TZ). As we have seen in 
section !?. 1 .2l there is a natural lift of the action of ^ to by cr. The same happens for 
the bundle E{Ai): since Q acts on A4 by isometrics, it is possible to define a natural 
lift of the action of G to E{M), 

-^a-.Gx E(M) — > E{M), (2.79) 
: E{M) — > E{M). (2.80) 

As E{M) is now subject to the action of two Lie groups, 0(1, m — 1;7?.) and Q, 
we can reduce its structure group. In order to do so we must adapt the fibre bundle 
of orthonormal frames to the reduction, choosing those frames of E{M) that can be 
decomposed in two orthonormal frames lying separately in the tangent vector space of 
the base space Vn fibre Gx and of the internal space Q. 

Let us consider a generic point z of M. The tangent vector space T^M can be 
decomposed in two parts: a vertical space Vz, defined as the tangent space to the fibre 
Gx=it{z) in the point z (cf. section |2. L2> . and a horizontal space Tiz defined by an 
infinitesimal connection on the principal fibre bundle Al(y„, Q, tt, <&). An orthogonal 
frame e"" = {cqI^^q^ g E{M) at z e A1 is called adapted if 

^ ^ {^a 1 ^a}a— O," ■ ,n — l;a— n,-- -,771— 1 7 

with e-a € Vz, Cq €: TLz, where n = dimT^ and m~ n — dmiQ. The set E{M.) of 
all adapted orthogonal frames in all points of is a subset of E{M) and is obviously 
a principal fibre bundle over M with the structure group 0(l,n — x 0{ni — 

n — 1; 7?,). It is called the Fibre Bundle of Adapted Orthonormal Frames of Ai. The 
induced infinitesimal connection uj will be the restriction of the connection form uj of 
the fibre bundle of orthonormated frames E{A4) to E{A4). 



^here the indices on the covariant derivative are of Lorentz type. In order to write tlie Dirac operator in 
terms of coordinate indices we must use tlie vielbein (cf. section 2.1.11) 
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The Fibre Bundle M{Vn, Q/H, Q, it, $) 

If we consider the case on which the fibre bundle of linear frames (and, obviously, the 
fibre bundle of orthonormal frames) is defined over a fibre bundle M^VnjG/HjGjTT,^) 
in which the internal space is homomorphic with a homogeneous space G/H another 
definition of the fibre bundle of adapted orthonormated frames shall be given. Let 
z £ M and let Vz and Hz be the vertical and the horizontal vector spaces on z. We 
have then the decomposition of the tangent vector space of A4 at z: 

TzM^^VzQHz. 

Let T G Vz be a vertical vector at z. To this we can associate a tangent vector 
6y e TyM to M at y e M using an element cpux of 

z = (buAy) e C M, X = n{z) e Vn : Oy = (b^l^Jr) e TyM. 

Using another element 4>vx of we can associate another tangent vector 6y> G Ty>M 
to M at another point y' € M: 

z = 4>vx{y') eM^cM,x = 7r(z) e K : 9y' = (t)vl*y'i'r) & Ty,M. 

But since there must be an element gofG such that (()ux idu) = 4>Vx iv'), we have that 
(^'y = fJ^y Taking an element of # such that z = 4>Wx{e), with e the unit of M, we 
have that there is an element g E G such By ~ gO,., with 6^ lying on T^M and 6y on 
TyM. We can then make the following association t = z(^e)- 
Since we can decompose the tangent vector space of M at e as 

T,M = L^fn®Lc. 

we can define an adapted frame of TgM as a frame = {\a}a=n,---,m-i such that 
Ai e Ljsf/-}i, for i = n, • • • , (dimA/" + n — 1) and Ao € for o = (dimjV /T-L + 
n), - ■ ■ ,m — n— 1. To this adapted frame of TgM we can associate an adapted frame 
{ea}a=n,-,m-i of Vz by taking 

ei = (t>Wx,z{'^i)^ 

where i = n, - ■ ■ , (dimA/" + n — 1) and o = (dimA/" /W + n), • • • , m — n — 1. This 
is nothing but a decomposition of the vertical space 

Vz = Vi"^/'") ® Vi^) (2.81) 

An adapted orthonormal frame of Tz A4 is then defined as a frame 

^ ~ {^M' ^i' ^'o}^=0,---,n-l;i=n,---,(dinxV/W+n-l);o=(dimjV/W+n),---,m-n-l' 

where {e^}^=o, ,m-i is a orthonormal frame of the horizontal vector space Hz and 

where {e'i, eo},=„,...,jdinW/w+n-i);o=(dimAA/H+n),...,m-n-i is ^ adapted orthonor- 
mal frame of the vertical vector space Vz- 



28 



CHAPTER!. THE FORMALISM 



As before we define the fibre bundle of adapted orthonormal frames as the fibre 
bundle that has as its total space the set E{M ) of all adapted orthonormal frames of 
in all of its points, as base space M. and as structure group the group 

0{l,n-l]Tl) X 0{dimAf/n;n) x 0{m - n - dimJV/Ti - l;n). 

As before, the induced infinitesimal cormection u will be the restriction of the 
cormection form u) of the fibre bundle of orthonormated frames E{A4) to E{A4). 



2.1.11 The Vielbein 

Let us consider a m-dimensional C"^-differentiable manifold M over which it is de- 
fined the principal fibre bundle of linear frames E{M). 

There can be two types of tangent vectors to at a point z: those that transform as 
vectors under infinitesimal general coordinate transformations and those that transform 
as Lorentz vectors under the action of S0{1, m — 1). 

Under infinitesimal general coordinate transformations 

z& ^ +^^{z), (2.82) 

a covariant vector v& of the first type transforms according to 

v&^va+S^va, (2.83) 

d^v& = -d&^v^ - fd^v&. (2.84) 

Indices within this type of vectors are raised or lowered with the metric 7. 
Under a local Lorentz transformation, 

z& ^ Ap^ (2.85) 

a covariant vector v& of the second type transforms as 

v& ^ ^'v^. (2.86) 

Indices within this type of vectors are raised or lowered with the Minkowski metric r]. 

Since they belong to the same tangent vector space, these two types of vectors can 
be connected by one rotation, the vielbein e| . If we use Latin indices to identify the 
Lorentz like components and Greek indices to identify the covariant like components 
of a vector, the two are related by 

v& = e>a. (2.87) 

If the vielbein has an inverse e?, 

4 = Sl (2.88) 
44 = si (2.89) 
it can be used to convert the covariant components of a vector into the Lorentz ones 

Va = etv&. (2.90) 
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2.2 Description of Matter Fields 
2.2.1 The Configuration Space TJT 

Let M{Vn,Q, TT, $) be the principal fibre bundle previously considered. Let be defined 
over A4 a differentiable vector fibre bundle T(A4, F, y,p, ^'). Let FT be the vector 
space of the sections of J^. This space has infinity dimension. We will say that TJ^ 
is the configuration space and that each (f) e TJ^, 

(j):M — >T 

represents a possible configuration of the matter field defined over M. 

A field configuration (f) G TA4 can be written as (j>{z) = {z, ipz) in a neighborhood 
of z, with z G Ai and (p^ G F^, being F^ the fiber passing through z. We usualy refer 
ourselfs to as the field configuration on z. Neglecting the point z on which it is 
determinated, we will atribue to (f). also the designation of matter field configuration. 

As presented above, a matter field configuration will be considered as a 0-form, that 
is, a scalar on M and so ^ G A°{M,J^). A possible generalization of this scheme is 
to consider the matter fields as fc-forms on M with values on !F, that is, as elements of 
A'^ (A4 , (an example is the gravitational field 7). But since A'^ {A4 , T) is isomorphic 
with A^{M.,A^M. ® F) our treatment can be appUed also to this case (one changes 
only the fibre of J^. 

Let X : 3^ X — > F be the action of 3^ on F and let us represent a field configu- 
ration (f) G by (j){z) = {z, 4>z), where z £ M and G F^. Then, to every element 
fu of F we can associate an element (l)z G -F^ by a homomorphism tpu G C A4. 
If tjjuz is the restriction of tjju to {^;} x Fz then we have 

for some fu G F. Using another element tpv of F C such that z G U r\V,we 
shall have 

(t>z = 4'Vz{fv), 

with fvGFa different element of F. Since we must have tp^l o tpyz = y for some 
y G y,we can establish the following relation 

(l)z = if'vzifv) = i^uz o x(y, fu) = ^uziyfu), 

where we have made yfu = xiv^ fu) in order to simphfy the notation. 

We can then define the following lift of the action of 3^ on F to an action of y on 
by writing, for (f) = {z,(j)z) G T with (j)z = ipuz {fu), the map 

V]/ : 3; X JT — > T 

{y,4,)^y4,= {z,i^Uz{yf)). ^^■'^^^ 

There will be lift of the action of y to TJ^ and it will be given by the following 
representation T-^ of the group y 

[Ty(l,]{z) = ^{y,<f>){y-'z) = (t/"^^, ^1,)) = (2/"^^, #,-1,), (2.92) 
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for y E y, (t> = {z, (t>z) & T!F and where y is the action of 3^ on (if there is 
one). We will then get [T^(l)]z = ypy-^z- 

Besides this representation there can be another one*: a representation of the 
action of the structure group of A^, Q, on the bundle (this action is supposed to be 
a lift of the action cr of 5 on to the bundle of automorphisms of J^). The induced 
representation will be 

[T^ct>]{z)=g<l>{g-'z), (2.93) 
with g G Q and (j) G TJ^. Using (p{g~^z) = {g~^z, (t)g-iz)' we get 

[Tf</.](0) = (^,#g-ij, 

and so we can make [T^(p]z = g<t>g-^z- 

In general, Q will represent some type of internal symmetry and so its action on 
a matter field configuration should be reduced to the action of Q on the field itself 
and not on the point on where it is calculated. By other words, the action of an internal 
synmietry to a manifold representative of our universe should be reduced to the identity, 
that is, such manifold should be invariant to such action. This is not the case, as one 
sees, since M. is not invariant to the Q action. This conduces us directly to dimensional 
reduction, in order to find such symmetry invariant manifold. One of the main reasons 
for giving a CJ-(principal) fibre bundle structure to M comes then easily from that fact: 
an external symmetry of a larger universe, M, can be seen as an internal symmetry 
of a reduced one, or inversely, an internal synmietry in our measured universe can be 
regarded as an external synmietry of a larger one. 

2.2.2 The Absolute Differential of a Matter Field Configuration 

A matter field configuration (p e A''{M,!F), with t/, tt, $) a principal fibre 

bundle, being a fc-form over Ai, has an absolute differential on M. defined as 

£)0(^)(ri,...,Tfe) = d4>(z)(nn,...,nTk), 

with Ti G TzM, {i = 1, . . . , fc), and Ht being the projection of r in the horizontal 
vector space Hz- 

Belonging to a representation of the structure group 3^ of we can also define the 
absolute differential of a matter field configuration on JF. It will be given by 

D(l^{z){n,T2 ...) = DM<t>{z){nn,nT2, . . .), (2.94) 

with Ti E T(j,T and Ht being the projection of t in the horizontal vector space Jiz on 
the (principal) fibre bundle J^. Dm4'{^) denotes the absolute differential defined on 
M. 

An observation must now be done. A matter field configuration will carry, in gen- 
eral, not only a representation of the structure group Q of M. but also carry represen- 
tations of other groups. When the concept of absolute differential is used it is under- 
stooded that all the absolute differentials of the matter field configuration in all the 

*a lift of the action of ^ on to .F is supposed. 
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(principal) fibre bundles where it is defined were taken. In other words, a principal 
fibre bundle has been constructed, being its structure group the group product of all 
the groups that have a non trivial action over the matter field configuration (cf . section 
3.1.4). The absolute differential is then defined over this "total" principal fibre bundle. 

As an example, a common situation is that in which the fibre on which a scalar^ 
matter field configuration is valued is isomorphic with the general linear group y = 
GL(1, TO — 1;TZ) and over which the same group acts. We can then identify the two 
fibres and simply write J^{M,F,y) = E{M). The matter field will then be called 
a vector matter field. Possible reductions can be made by the introduction of a metric 
7 on A^, reducing E{M) to E{M.). The absolute differential of a ^-invariant matter 
field configuration will then be 

D(j){z) = d(t>{z) + u)(l){z), (2.95) 

where a) is the Minkowski connection form defined on the principal fibre bundle E(M. ) . 
Chosen a frame of E[M.) at 2 e A1, we can write 

(j){z) = ^°'{z)e&, 

where {z) are the components of in that frame. In components, 

= #"(0) (2.96) 

where is the coframe correspondent to e^. 

If we define to be the fibre bundle of spinors, then the matter field will be of a 

spinorial nature, transforming as a spinor. We have already given the absolute differ- 
ential of a spinor: 

D(t> = d(P + Ci(t) = d(j)+ = (2.97) 
In a coordinate basis we shall have 

m = e\Yh_^d^. (2.98) 

2.2.3 The Action of a Form 

The Global Scalar Product over M and the Action of a Form 

Assuming that M is compact, we can define a global scalar product < • , • >m'- A*" A4 x 
K^M. — > TZ over the p-forms of M. by the relation 

<a,l3>M= I aA-kl3= I /3A*a (2.99) 
JM JM 

Let us define the global norm of a p-f orm over M. by the relation 1 1 a 1 1 ^ = ^<oi.,li >m- 
^scalar in relation to a diffeomorphism. 
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The classical action of two p-forms is defined by 

SM[a,P]=<a,p>M ■ (2.100) 

In particular, the classical action of a gauge field will be the square of the curvature of 
the connection that defines it^, 

SMp] = \mM- (2-101) 

The Action of a C/ -invariant form over a product space Q x-^M 

Let us consider a ^-invariant form a defined over a product space G ^n-M., with both 
G and M compact, and where Ti. C G, and let its action be given by 

^sx„>iW=l|a|lax„M- (2.102) 

Then this action can be reduced to an action over A4 by integrating over GfH, 

SmIoI = vol{G/n) II a \\m, (2.103) 

with vol{G/'H) =11 1 Wg/n the volume of the coset space G/'H. A special case is the 
one in which H = {e}: 

SM[a] =vol{G) II a • 



°in general one introduces a factor ^^liy^ in the following expression, where y is the gauge group and 
vol{y) its volume. 



Chapter 3 

DIMENSIONAL REDUCTION 



The dimensional reduction process of gravity, matter and gauge fields is presented. In 
the first section only Q -invariant fields are considered. A Q -invariant metric defined 
over the total space M. will give rise, after performed the dimensional reduction of the 
Hilbert-Einstein action, to an induced metric on the base space together with a Yang- 
Mills field and a finite number of scalar fields. In the second section, the behaviour of 
general fields defined over M. is studied with the help of abstract harmonic analysis. 
In general, every field defined on M. will manifest itself on the base space Vn as an 
infinite tower of fields with increasing associated masses. 

3.1 Dimensional Reduction of ^-invariant Fields 

3.1.1 Dimensional Reduction of Gravity 

The Principal Fibre Bundle M (K , ^, tt, $) 

Let A^(V^„, Cy, TT, $) be an m-dimensional C^-differentiable principal fibre bundle de- 
fined over the base space Vn, an n-dimensional C-manifold, and that possesses as 
structure group the Lie group Q. As it was shown in the previous chapter, the action of 
Q on itself will induce an action of the same group over the manifold Ai (cf. section 
I2.L2> . If we define over M the fibre bundle of frames E{Ai), then this action will 
be lift to an action of Q on E{A4). It will be in this way subject to the action of two 
groups: the linear group GL{1, m — 1;TZ) and the group Q. The bundle E{A4) will 
then be unnecessarily large and so it can be reduced. 

Since we have already shown that E{A4) can be reduced, by defining a metric 7 
on M to the fibre bundle of orthonormated frames E{A4) which possesses as structure 
group 0(1, m — 1; 7?.) (cf. section l2'.L6> and this last bundle can yet be reduced to the 
fibre bundle of adapted orthonormated frames E{M) which has for the structure group 
0(1, n — 1) X 0{m — n — 1) (cf. section lZLlOt . we shall work directly with E{M). 

Let {Ai, 7) be a C-riemannian manifold for which the metric 7 is bi-invariant to 
the group Q, i.e., such that 

^$;7 = 7=^*;7, (3.1) 
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for all g E G, being $ the action of 5 on (cf. section i?. 1.2> . 

The bi-invariance property of 7 will imply that the metric will assume a constant 
value over each fibre Gx, x £ Vn, of the principal fibre bundle A4. The metric can then 
depend only on the projection of the point over which is defined, i.e., the point x in Vn'- 

X eVn-. tt{x) eGx cM^ 7^(2) = 7^(2;), 

with7^ e T*M®T*M. 

It is possible then to define a metric g on the base space Vn, obtaining in this way 
a riemannian structure (T^„, g), and a family of tj-invariant metrics {^x}, on each point 
X dVn, for the correspondent fibre Gx- 

One proceeds as follows: let ti,T2 G T^M be two tangent vectors to Ai and 
'Hti,'Ht2 E Hz be their projection in the horizontal space Hz at z. If a; = tt{z) E Vn, 
we will define the scalar product of two tangent vectors to Vn in the point x, vi,V2 E 
Tx Vn , that are the projection of Hti ,Ht2, respectively, as gx{vi,V2) — "fz {Hti , Ht2 ) . 
g will be a bilinear positive form and will be C in Vi as it is obvious from the defini- 
tion of 7. This definition is independent of the point z E Gx chosen since the metric 7 
is CJ-bi-invariant. For the same point x E Vn, since 7 is CJ-invariant, we can define the 
metric £,x of Gx as the restriction ^x — Izlv^ with z = tt{x) E Gx some point over x 
and Vz the vertical vector space at z. 

Since a fj-invariant metric on Ai defines an infinitesimal connection on the princi- 
pal fibre bundle M.{Vm G, ti", and since we have seen that the same metric induces 
a metric on the base space Vn of this bundle and a family of tj-invariant metrics {Cx} 
on each fibre Gx of A^, we can perform the following dimensional reduction 

iM,j)-^iVn,g,Lo,0- 

The inverse of it is also possible, that is, given an infinitesimal connection w on A^, 
a metric g on Vn, and a family of tj-invariant metrics {£^x} on the fibres of At an G- 
invariant metric 7 of A4 can be constructed. In fact, let T1T2 E TzAi be two tangent 
vectors to A4 at z and let Hti , Ht2 E Hz be their horizontal part. Then we define the 
product between ri and T2 in terms of g, £^x and of Hz as 

7z(ti, T2) = 52;(7r*Tl,7r*T2) + ix^Tl - Hti,T2 - HT2), (3.2) 

where Vt^ — Ti~ Hn E Vz, for i ~ 1,2, are vertical vectors at z. 

Since we have defined a metric g over Vn, we can define the fibre bundle of or- 
thonormated frames of V^, E{l,n ~ 1; 7?^). The dimensional reduction process made 
can then be expressed by the sequence 

E{M) ^ E{M) ^ E{M) E{Vn), 
or in terms of the structure groups of the previous principal fibre bundles, 

Gi(l,m-l;7^) ^ 0(l,m-l;7^) ^ 0(1, 7^) xO(m-n-l; 7^) 0(l,r^-l;7^). 
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Metric Decomposition. The differential of the bundle projection tt allows us to make 
a correspondence between the tangent vector space to the total space in a given point 
and the tangent vector space to base space in the point that is the projection by tt of the 
previous: 

Let P = {ea}<s=o,i,- -,m-i be an adapted orthonormated base of TzA4 , and let 
V e TzM.. Then v = v°'e&. Taking the differential application of this vector one gets 

7r:{v)=7Ttiv"e&)=v"7r:ie&). 

For each fi, tt* (cq) will be a vector of T^Vn, so if we take for the base of this space 
{ea}a=o,i, -,n-i, we will get 

where tt*^ will be the components of tt* in the considered base. 

Let and g^v be the covariant components of the metrics 7 and g in the con- 
sidered basis, and 7"'' and g^" their contravariant components. Then we can project 
the metric 7 of the total space in the base space through the differential of the bundle 
projection. In components, 

Let (7 be a global section of Al, defined as 

such that TT o a = idv^ - Then cr*^^j_^j : Tj.Vn TzM. 

Let vi,V2 & TxVn be two tangent vectors to Vn at x and let t\,T2 G T^M be two 
tangent vectors to at ^; = 7r(a;) such that r, = a*Vi for i = 1,2. We define the 
scalar product between v\ and t;2 at a; e as 

g{v\,V2) = j{ti,T2) = [70 ((7* (g)f7*)](t;i,U2)- (3.3) 

If cr*" are the components of (7* in the base {e°'}a=o,---,m-i, and if we make a*" (e^) = 
(7*^, for {ifj,} e Hz then we can write the components of 5 in terms of the components 
of 7 on the coframes considered as 

Let z be a point in the fibre Gx- The metric S^x of the fibre Gx in that point will be 
given by the restriction of the metric 7 of to the vertical vector subspace Vz in the 
same point. Since Gx is, through (l)ux € homomorphic to the structure group Q, a 
metric ^ in will define, through (t>ux, a metric £^x on Gx- Since S^x is -invariant, the 
metric ^ shall also be ^-invariant, and so it can be completely determined by its values 
on the Lie algebra of the group, Lg. 
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Let z = cf)ux (7) G Gx C and let us take the differential of the homomorphism 
(pux in a point 7 of 5: 

If vi,V2 G T^G are two tangent vectors to G on ^/ G G, then we can associate the 
vertical vectors n = 4'ux,-yi''^i)^^'^ = 'Ac/.r.-A''^) e Vz on z G Gx- We define the 
scalar product of ti with T2 on Gj; by ^^(''"ij ''"2) ~ ^7(^17 ^^2), being ^-y the metric of 
in 7 G C/. If we choose for a basis of T-^tJ, {Xa}a=n,---,m-i such that 

with a = n, • • • , m — 1, then the relation between the two metrics and ^ can be 
written in terms of its components in the two basis {e" (g) e''}a.b=n.---.m-i and {A"* ig) 
A''}a,b=n,..,m-i ({A"}a=„,.,m-i is a basis of r*^ with A"(Ab) = 6^): 

{^j)ab = (f^Ux^i a^lJxa bi^x)cd- (3.4) 

Since (^x)cd = (7z)c<i> we can rewrite the previous relation as 

(^7)06 — 4>Ux,i a4'u'x,i b{lz=<f>ua:('r))cd- 

Due to the C?-invariance of 7 and of ^, we can choose a point z on the fibre G^ such 
that 7 = e, the unit of G- We have then 

€ab = <^^'xa'/'^x67cd, (3.5) 

where we have neglected, in order to simplify the notation, the index e. ^ in this last 
expression is then considered as the metric of the Lie algebra Lg. 
Using the infinitesimal connection form oj: 

uj : T,M ^Lg= TeG, 

we can establish a relation between the contravariant components. Let 7"^ be the 
contravariant components of the metric of in the chosen adapted orthonormal frame. 
We have then, due to the adapted orthonormal nature of the frame, 

i^xT' = r'- 

We can now use the infinitesimal connection form to relate the metric of the fiber Gx 
to the metric of 5; if are the components of the connection, 

or, since o;^ = (because if r G is vertical uj{r) = 0), 



/-ab , ,a , ,6 _,< 
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In this way we obtain the following system of equations: 



9 = 7 : (3-6) 

9f.^ (^*x%K'^ul&i3, (3-7) 

= c.>^7"^ (3.8) 

U = ^ul Au. bled- (3.9) 



Together with the trivial relations on the fibre bundle: 



'^l^u.b^^t^ (3.10) 
Wd< = 0, (3.11) 

T^'T<Z-Si^ (3-12) 
^T'l^uia^^, (3.13) 

we determine the components of the metric of the total space, once known those of the 
base space and of the Lie group: 

l&0^^T^J9^..+^l^\U, (3.14) 

7"^ = <%<t9''' + <t>h% a^t;bC''- (3.15) 

Another way of deriving directly the equations ( I3.14l3.15t is starting from the equa- 
tion i3.2\ . Let e/ E E{A4) be an adapted orthonormal frame at a point z G A4 and let 
us consider two tangent vectors ti,T2 G TzA4 at that point. Writing these two vectors 
in terms of their components in the chosen frame, 

n = rfcQ {i = 1,2), 

we have that the vertical part of ti and of T2 can be written in terms of the infinitesimal 
connection form in the principal fibre bundle A4, oj. Let us take uj{Ti) = Lo{T°'ea) — 

T"uj{ea) = T^uja, foi i = 1,2. We have that Ua G Lg and so if {Aa}a=n,- -,m-i is a 
base of the Lie algebra Lg, we have Ua — w^Aa, and so 

uj{n)=Tfu;%Xa, {^ = l,2). 

By using an homomorphism (pjjx € $ we can write (p'^j^ e^i'^i) ^ '^^at is, we get 
the vertical part of ri and of T2. Writing in terms of components in the frame we 
will get 

ru.,e{^in)) - T->g(/.^,,,(A,) = Ttu;^^cf>*u,^,,e, {t - 1,2). 
We can then write, using i3.2i . 

7.(n, T2) = gA<Kea),K{T^i^)) + Ur^^&<l^*ul.e a^c, Tiuj'i(bhi,e bed) ^ 
riT^lz{e&, ep) = 7r*^Tf 7r*|frf g^(e^, e^) + t'^ i^lcj^u^ a^2^^^'/'t/le b^xiec, ed)- 
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By writing 7^^ = 7^(60, e^), g^'' = 9x{e^, e^,) and {^x)cd = ^x{ec, e'd) we get 

= + ^>lru.,e a^ute bi^.U- (3.16) 

This expression can be further simplified by writing it not in terms of the metric of 
the fibre but of the metric of the Lie group Q. From (13. 4> . by taking 7 = e, we get 



lc.p-O:09,.+^lu;l^c,. (3.17) 

Using the trivial relations on the bundle we could get the contravariant components of 
the metric also. 

Let us now choose a trivial projection tt{x'^ , x^, - ■ ■ , — x^, - ■ ■ , a;"^^). 

In a local coordinate basis, we have, for 

'PUx b — 

<^ = s'i, 



that 



"a 

u^t u ) ^^-'^^ 

This form of the contravariant and covariant components of the metric is only valid in 
the special coordinates that we have chosen. 



Yang-Mills Potential and the Strength Tensor Field. Let 2. be a cover- 

ing of Vn and let be defined over each Ui C Vn a local section <Ti : Ui C Vn — > 
We define the Yang-Mills potential on Ui as the local induced infinitesimal connec- 
tion form Ai (cf. section I?. L2> . As we have seen, a family of Yang-Mills potentials 
{^i}i=i,2, -- defined over the covering {Ui]i^i^2,- - define and is defined by an in- 
finitesimal connection form w defined over the principal fibre bundle M.. When we 
have defined an global section on Al, cr : Vn — > Al then only one Yang-Mills poten- 
tial A is needed. We can write the infinitesimal connection form a; at a point 2; of in 
terms of A and of an element gofQ dependent of the section a chosen {z = gaoTT{z)), 

u ^ Adig-^)iAoT:*) + g-^dg. (3.20) 

Let T G TzM be a tangent vector to Al at z and let v — 7r*r e T^Vn, we define 
A{v) = uj{t). 

Due to the CJ-invariance of 7, we can substitute J3.21ll3T22l by 



_ f gfiv + ^abA'^liA^u ^abA^j^ \ 



(3.21) 
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We must now determine the components of the curvature of the induced connection, 
that is, the Yang-Mills Strength Tensor Field F = (j*Q. = DA in that base. 
From the relation 

F = dA+]^[A,Al 
one gets for the components of F, in the special base that we are using, 

= dA'^ I, + - [A, A]^^. 

But we have dA^ ^ = ^{d^A^ — di,A^), and from the structure relations on the Lie 
group g 

[Ab, Ac] = C'bcAa, 

one gets 

[A, A]l, = [A'X,, A^XX^, = AlAt[Xk, Ae]" = ^A^C," . 

And so, 

^ilv = 2^9fj_A'^ — di,A'^) + -C^^A^^A^. 

Einstein-Yang-Mills equations. We will choose an affine connection for the rieman- 
nian manifold A4 that is metric compatible. The Christoffel symbols are then given in 
the chosen local coordinates by 

The Riemann's tensor components follow, in the usual way, from 

= d-^T% - aiTf. + r|.rf. - t%.t%. 

We then construct the Ricci tensor, R~;, = R^cx, 

Rab = Rab{Q) + \F^uaFr + \^"'D^UD>'^m - l^^D^UD^U ' ^D^iDi^U), 

where R{g) and R{Vn) refers to the Ricci tensor of Q and of Vn, respectively. From 
the Ricci tensor we determine the scalar of curvature, R = 'y^^R^^'- 

R = R{g)+R{Vn)-\F^.aF^''''-\D^UD^e'-le''e''D4abD^U-D''{e''D^U)- 

(3.23) 
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The Hilbert-Einstein- Yang-Mills lagrangian density in m dimensions with a cos- 
mological term is defined as 

^HivM = V^iR - 2A™) = ' [R{g) + - iF^.aF'^'"'- .3 24) 

where A,„ is the cosmological constant in A4 and 7, g and ^ are the determinants of the 
metrics of A4, Vn and Q, respectively. Since 7 depends only on a: e Vn, R, g, £, will 
only depend on a; e Vn- The same happens for the Yang-Mills strength tensor field F. 
We can then reduce the previous lagrangian density to a rt-dimensional one: 

J M JVn 

The Einstein- Yang-Mills equations, in the absence of matter fields and considering 
the cosmological term, are then the Euler-Lagrange equations of the following action 

Jm Jm 
Taking 5S — Q, one finds 

{R^^-\is.p{R-m5i''^ = o. 

The variations ^7"^ are not completely arbitrary: they should be in such way that the 
special form that was given to 7"'^ as a composition of the metrics of the submanifolds 
of the bundle would be preserved in those variations. If we varies 5S not in order to 7 
but separatively with respect to g, A and ^ we get: 

R^u 2A„05p. = 0, (3.25) 

R^.a = 0, (3.26) 

i?a6-^(-R-2A,„)ea6 = 0. (3.27) 



Conformal Rescaling of the Hilbert-Einstein- Yang-Mills Lagrangian Density. In 

order to identify, explicitly, the kinetic terms of the scalar fields in the HEYM la- 
grangian density, we have to perform a conformal rescaling of the last. To do this we 
change the metrics of the base space and of the internal space, multiplying both by a 
factor , where ^ is the determinant of the metric of the internal space Q and j is a real 
number to be chosen and that can differ in the two cases, i.e., we have 

Sab ~ S Soft J 

with g' and ^' the new metrics expressed in terms of the old ones, g and ^, and with j 
and A: real numbers. These are chosen in order to remove the global factor ^2 in ( I3.24t 
as far as possible. We will choose them by imposing the following requirements ^: 
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1. rt"''UC^\/=5 = 5'''"5'"^C6\/^. 

2. g^^Usf^ = g'^"^- 

Using this procedure we get for the new HEYM lagrangian density conformally 
transformed 

where m is the dimension of the total space A^. If we define the scalar potential as 

ViO = 2A„r^ - RiG), (3.30) 
then we have for the final HEYM lagrangian density, 



HEYM 



-^[R{Vn)-\UF?„.F^^- 



(3.31) 



The Fibre Bundle M{Vn, Q/H, Q, tt, $) 

Let us consider now the case in which the internal space is an homogeneous space 
M = G/H. As we have seen in the previous chapter, the following reduction of the 
fibre bundle of linear frames E{M.) defined over M. {Vn , M,Q,Tr,^) is possible: 

E{M) ^ E{M) ^ E{M), 

where E{A4) is the fibre bundle of orthonormal frames, induced from E{A4) once a 
metric 7 of is introduced and E{M) is the fibre bundle of adapted orthonormal 
frames. In terms of structure groups we have 

GL(l,m-l;7^) ^ 0(l,m-l;7^) ^ 0{l,n-l;TZ)xO{k;TZ)xO{m-k-n-l;Tl), 

where k = divaM /H and J\f is the normalizer of 7i in ^. 

As before, in order to proceed with the gravitational dimensional reduction we must 
consider the bi-invariance of the metric 7 of to the structure group Q: 

= 7 ^Ij, (3.32) 

for all 5 e G. We shall then have, 

xGVn:z = n{x) € C M ^ 7.(^) = lz{x), 7. e T*M «) T^X 

that is, the metric 7 assumes a constant value along the same fiber Gx, i.e., does not 
depend on the point z in which is determined but only on the projection x = Tr{z) of 
that point. 

A (^-invariant metric 7 on Al will determine and be determined by a family of G- 
invariant metrics {^x} on each fiber of A4, a G-invariant infinitesimal connection 
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Hz on the associated principal fibre bundle A4{Vn, G, tt, ^) and a metric g on the base 
space Vn- 

Let us start by the family {(^x} of metrics on the fibers of Ai. Let ti,T2 G Vz 
be two vertical vectors at a generic point z of that has as projection x = tt{z) e Vn- 
The metric of the fiber at that point will be given hy £^x{ti,T2) — 7(ti, r2). 
Being 7 tj-invariant, will be also tj-invariant over the fiber M^- 

Let us now consider the orthogonal complement Hz of the vertical space Vz at a 
point z G A^, i.e., the subspace Hz C T^Al such that TzM = Vz ® Hz, having for 
each pair of vectors r G Vz,v G Hz, 7(t, f) = 0. Due to the ^-invariance of the 
metric 7 we will have Hgz = ^g^z for g G Q. We must now prove that the associated 
principal fibre bundle to M, M, possesses H — {Hz} as infinitesimal connection. As 
it was shown in the section I2.L10I the vertical space Vz at a point z G Ai admits a 
decomposition of the form 

Vz = V(-^/^) e Vi^\ (3.33) 
resulting from the decomposition of the Lie algebra of Q, 

Lg = Lh® L^/n® Lc. (3.34) 

Let us consider a point z of the associated principal fibre bundle Ai. Ai being a 
subset of Ai (we are considerating the case in which Q — Af/H) we have that z E Ai 
also. We can then decompose the tangent vector space TzAi at z as 

TzM^Vz(BHz, 
or, using the decomposition J3.33L 

T-zM = Vi^^ e y(A^/w) ^ (3 

Since de dimension of Vj"^^^' is k and that of V^'^' is m — rt — fc, we have that Hz has 
the same dimension as the base space Vn- 

On the other side, the tangent vector space T^Ai contains the subspace TgAi . Since 

- ~ (c) 

H leaves the point z invariant, its action on TgAi is the trivial one. But Vj does not 

(c) 

contain vectors invariant under H (because C does not have) and so V^ and TgAi 
must be orthogonal. We can then write 

TzM^vi^^ ®TzM. (3.36) 

Confronting with ( I3.35t one gets the following decomposition of the tangent vector 
space to A4 

TzM = vl^^"' e Hz. (3.37) 

Since y^''^^^^ is the vertical space to Ai, we have that Hz is horizontal. We have then 
that H = {Hz} is an infinitesimal connection overTM. To this infinitesimal connection 
we can then associate an infinitesimal connection form uj. This will be an Lj^ /^-valued 
one form over AA as expected. Since the Yang-Mills field is defined in terms of uj we 
have that the first will take its values on the Lie algebra of Af/H. 
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The metric 7 of will induce a metric g on Vn as follows. Let us consider 
two vectors ti,T2 G T^M and let TiTi,HT2 € Tiz be their projection into Hz- If 
vi = 7r(Wri) GT^Vn and V2 = tt{'Ht2) GT^Vn then we can define the scalar product 
between vi and V2 as g(v 1,1)2) = 7(7^x1,7^x2). Due to the ^-invariance of the metric 
7 this definition is independent of the point z & chosen along the fiber M^. 

We can also proceed backwards, that is, given a metric on V^, a family of Q- 
invariant metrics {£_.,.} of all the fibers of A4 and an infinitesimal connection on the 
associated principal fibre bundle M we can deduce a ^-invariant metric 7 for A^. In 
fact let us consider two tangent vectors n , r2 G TzM. to jV( at a point z and Xeiz G M 
be a point of ^A such that z = <I>(g, z) = gz, for some element g E G (we recall that 

is a subset of M). Then Vi = $jTj G TzM, i = 1,2, will be tangent vectors to M 
at z. We can then define the scalar product between vi and V2 at z as 

7z{vi,V2) = gx{Tr*^i,7r*V2) + ^x{vi - ^*Hti,V2 - ^*-,'Ht2), (3.38) 

where Hri, i = 1,2, denotes the horizontal part of in the infinitesimal connection of 
the associated principal fibre bundle A4. 

Metric Decomposition. Let us consider the tangent vector space T^M at point z £ 
M with ^{z) = X G Vn and let £ E{M) be an adapted orthonormal frame at 
that point. Using the same notations of the preceding subsection, we have that the 
contravariant components of the metric g~^ (in the base {e^ (g) e,^}^ ,y=o.- -,ri-i) of the 
base space Vn will be given in terms of those of the metric of the total space, 7"^, and 
of the canonical projection differential, tt* : 

Introducing a global section a : Vn — > A4 we can also write for the covariant com- 
ponents of g: 

!}!Ct */3 

We see that the treatment is the same as for the case of the principal fibre bundle 
MiVn, G, TT, $), as it should be. 

Considerating the same frame, we can identify the covariant and the contravariant 
components of the metric of the fiber, ^j. at that point with those corresponding to the 
metric of M, that is, with the "vertical" components of 7. We make {^x)ab = lab and 
(Cx)"*" = 7"'' (we can do this because the frame is adapted and orthonormal). Using an 
homomorphism (pu^ € $ we can write the covariant components of the metric on the 
fiber Mr in terms of that one of the homogeneous space M = GfH. We have, as in 
previous section, 

{^l)ab = 4'Ux,'r a4'*Ux,'i bi^x)cd, (3.39) 

and so, we get 

U = rUx,ea<Pux,eb^cd. (3.40) 

In order to establish a relation between the contravariant components of the metric 
on the fiber and of the metric on GfH we have to use the infinitesimal connection 
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form (D on the associated principal fibre bundle Ai. It is here that the approach differs 
from that of the previous section. 

Let us consider two tangent vectors ti,T2 E T^M at z and let z = $(5, z) 

for some point z E J\4 and some element g E Q. Taking the differential of $ and 
applying it to the two previous vectors one gets 

^InET.M (i = l,2), 

that is, we get two tangent vectors to the associated principal fibre bundle Ai at z. On 
the other way, we have 

(^(^Jr,) E L^/n {i = 1,2), 

and so, by applying (5*_i to the previous we get a tangent vector to the internal space 
Q /H at its origin: 

We can now take the differential of an homomorphism (f>ijx E <i> between the internal 
space and the fiber AI^ C M atx E Vn and apply it to the previous vectors. The result 
will be the two vertical parts of the vectors Ti, i — 1,2, at z E Ai: 

Vn^ru.j;-M'^*gn)EV, {i = i,2). (3.41) 

We define then the scalar product of ti and T2 at z by 

7z(Ti,r2) =5.«Ti,<r2)+^,(Vri,Vr2), (3.42) 

or, using ( I3.41l i. 

7z(n,T2) = 5.«n,<T-2) +e.(0^,^e^^l'^(*^l),'^^..e<^^l^(*^2)). 0.43) 

We must now choose an adapted orthonormal frame at z E Ai. Let it be E E{A4) 
and let us write t; — rf e^, i = 1,2. 
We can then do 

I g °' I ga 'i ^ga'^a, 

where we have chosen for a frame of TgAi, {ea}a=o, ,ri+fe-i- By taking the infinites- 
imal connection, 

where {Aa}a=„,...,«+fc-i is a basis of Lj^/n- Applying (5*_i we get 

where {Aa}a=n.- -.m-i is a basis of Te{G /Ti.). We now obtain, by applying (pjjx E 

where {ed C is a frame of the vertical space at z. 
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By applying J3.43> to r^, z = 1, 2, we get 



'1 '2 



(3.44) 



(3 /3 g- 



or, by writing -/^^ = "fz{ea,e^), g^^, = 3:^(6^, e„) and (^:r)cd = ^a;(ec, e<j) we get for 
the covariant components of the metric of the total space in the frame 

l^P = <K09,^ + '^Tm-^^^f4^:'^i^U%e a'^tx.e ti^xU (3.45) 

We can now rewrite the previous relation by writing the covariant components of the 
metric of the fiber in terms of those of the metric ^ of the homogeneous space 
Q /H at its origin (we can do it since is tj-invariant). We have 

S,ab = 't'Ux,e a'f'Ux,e bi^x)cd, 

and so we get 

lap = + <^T^lS;'^.,'^f4s;\,U- (3.46) 

If we define cj„ = 6*_iLU^* then, due to the Q invariance of lu, we shall have 



and so 

lc.p = <K''p9^-^+^H^-'', (3.47) 

a relation similar to the one obtained for the principal fibre bundle A4{Vn, G, <l>, *&) - 
but where the gauge field take is values on the Lie algebra of Niji.) jH.. 

Einstein- Yang-Mills Equations. The results for the Ricci tensor are identical to 
those obtained for the principal fibre bundle G, tt, We have, 

R^u = Rfii^(Vn) — -Ff^^aF""- — -C'^S.'^'^Dfj^^acDi.^bd — ^{S,"''' D ^^ab) , 
Rfia = ■^Ff'^F^aa + -^Ffj^cra^"'^ F)"^ S.cd - ^^ab^'"'' D t^£.cd, 

where R{G /H) and R{Vn) refers to the Ricci tensor of the internal space G /"H and of 
Vn, respectively. 

As expected the scalar of curvature is 

R = R{G/H)+R{Vn)-^F^,aF''''^-^D^UD''C''~\c''C''D^UD''^cd-D^{C''D^U)- 

(3.48) 



46 



CHAPTER 3. DIMENSIONAL REDUCTION 



Taking for the Hilbert-Einstein- Yang-Mills lagrangian density, in the absence of 
matter, 

^^HEYM = V^{R ~ 2A™) = mg/H) + i?(K) - \F^.aF>'--- 

(3.49) 

where is the cosmological constant in Ai and 7, g and ^ are the determinants of 
the metrics of M., Vn and Q /Ti, respectively, one gets from the variational principle 
the Einstein- Yang-Mills equations 

i?M'^-^(i?-2A„0.g,,. = 0, (3.50) 
R^.a = 0, (3.51) 

i?a6-^(i?-2A,„)ea6 = 0. (3.52) 



3.1.2 Classical Motion Equations 
The Principal Fibre Bundle M (K , ^, tt, $) 

Let C(A4) be the set of all C-curves on M and let a : TL^ — > be a curve on M. 
We can, using a and the action of on Al, construct a family of curves {a^lggg on 
M by defining ag{t) = ga{t), for t e TZ^, and by identifying ae with a. A class of 
equivalence can then be made: let /3 : TZq — > be a curve on we say that (3 and 
a are equivalent, and write /3 a, if there is an element g ^ Q such that (3{t) = ag{t) for 
every t G TZq . We will, as usually, write the equivalence class of a curve a as [a]. All 
the elements of an equivalence class will possess the same projection (a(t) and ag(t) 
lie in the same fiber) and since the canonical projection is a C'-map that projection 
will be a C"^-curve of Vn- We then have 7r(a) — 7r([a]) £ C(Ki). 

Let Co{Ai) C C{A4) be the set of all geodesies on Ai, i.e., the set of all curves 
aGC{M) such that 

^ = 0, (3.53) 

at 

for all t e TZq, and where a stands for If a C/ -invariant metric 7 is chosen for 
the total space A4 then a € Co(Al) implies that [a] G Co{A4), i.e., if a is a geodesic 
then all elements of the family {ag}geg are equally geodesies on Ai. In fact, since 
$*d = -^oig and as the absolute differential commutes with the action of Q on M. - 
due to the ^-invariance of 7 - we have 

dt ^ dt ^ ^dt 

and so ag is a geodesic. 

One of the motivations for constructing Kaluza-Klein theories is that the dimen- 
sional reduction will break the geodesic condition ( I3.53> on the base space Vn, that 
is, particles will not only follow geodesies on this space but also geodesies in the total 
space Ai. In particular one is interested in the break of the geodesic condition on Vn by 
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the introduction of an linear term on a that could correspond to a Lorentz-like induced 
force on this space. 

Let a e Co{A4) and t e TZq. Then a{t) will be the tangent vector to a at the 
point z — a{t) E A4 and will in this way belong to the tangent space T(j(()A1. Let 

= {eo,, ea}Q,=o.--,r!-i;a=r!.--,m-i be an adapted orthonormalframe to atz. Then 
we can write the velocity vector d at z as 

Since the infinitesimal connection is, by definition, ^-invariant (cf. section 12. L2> . 
one element Ug € [a] will possess the same horizontal components for its velocity 
vector at the point gz — ag{t) — ga{t) as the element a, i.e.. 

Varying g in C/ we conclude that all elements of the equivalence class [a] E C{Ai ) have 
the same horizontal components in the adapted orthonormal frame family {e^^jggg. 
The vertical components of the vector a{t) at z e A1 can be obtained from a vector 
of the Lie algebra Lg through some element of $. Let q{t) E Lg be that vector so 
that Va ~ ^{q), with ipu E ^, x = n{z) E U and U C Vn- In components, 
d°(<) = (t>'^^{q{t)). Writing q{t) in a basis {\a} of Lg, q = q^Xb, such that = 

<^^x,e(^a) = (t^hcce a' ^C will haVC 

Fixing q E Lg and changing (j> E ^ we can associate to all the elements of [a] the 
same generator q. Let (j)Y S $ be one of these elements such that o (py^ = g for 
g E G- Then g(f>ux{q) = 4'Vx{q), and so $*d(i) ~ <j)vx{q{t))- Since through one 
point of A4 there passes only one element of [a], we can make <j>vx{q{t)) — ctg{t), 
being ctg the tangent vector to ag at z. 

We will now define q{x) — (t>u{g{t))x{(l{t)), where U{g) C Vn and where g varies 
in G- Then we can write the velocity vector field of each element of [a] as 

ag{t) = d"(t)e^- + 9'^(7r(ag(t)))ef . (3.54) 

By applying the geodesic condition ( I3.53t on Ai to each of this elements we will get 
the two sets of equations 



Da" 



qaFS '^a^ + -q^g'^^DpiU). (3.55) 



\q''q''g'^''Dp{U). 



dt -^"^P " ' 2 

^ - CU\'- (3.56) 

By identifying the components x" of the velocity vector field 7r*(i(<) of the projected 
geodesic Ti{a) E C{Vn) with the horizontal components of d, and by writing explicitly 
the absolute differential in terms of the coefficients of the linear connection on the 
bundle of adapted orthonormated frames, the equations will be 

^Pi^^-^'^^P — + 1 9 ^0(^ab), (3.57) 



dt ''^ dt dt ^'^ ^ dt 2 

dt 



ds'^i^^Al + q^. (3.58) 
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The first equation describes the motion of a classical particle in a curved space, 
subject to a Yang-Mills like force, being the Yang-Mills vector charge given by the q 
element of the Lie algebra of the internal symmetry group Q. The second equation 
shows that such charge is not conserved along the tragectory of the particle. 



The Fibre Bundle M{V,„g /H, G, tt, $) 

The treatment for the case in which the total space presents a fibre bundle structure with 
internal space a homogeneous space is similar to the previous one. The only difference 
is that the tangent vector space to Q/Ti. at the origin can be decomposed into two Lie 
algebras: 

T,{g/'H)=L^/H®Lc, (3.59) 

and so there will be not one charge vector but two: q e Lj\f/H ^"d h E Lc- They 
will be called, following 0, the color charge vector and the Higgs charge vector, 
respectively. 

The equations will be written in three groups, one for the base space Vn and the 
others two for the internal spaces (Lie algebras), M/H and C, 

^'^^ q-aF$ " + ^g'9'5"''^/34B + Ih^h^g^^DpU. (3.60) 



= Cl-^q^'q'^ + CS^h^h^, (3.61) 
C^Xh'', (3.62) 



dt 

where and C^^ are the structure constants of Af/H and of C, respectively. 



3.1.3 Dimensional Reduction of a Fibre Bundle 

The Principal Fibre Bundle M{Vn, G, n, $) 

Let A^(V^i, C/, TT, $) be an m-dimensional C"^-differentiable principal fibre bundle, rep- 
resentative of our multidimensional universe, on which Q acts through $ and let it be 
defined over Ai the fibre bundle !F{Ai , i^, 3^, p, ^) that possesses as structure group y 
and as internal space F (it could be one of the fibre bundles of frames discussed in the 
previous chapter). 

Let us suppose the existence of a lift of the action of Q to T\ 

: g X J'^ — >T, (3.63) 

and of one ^-invariant global section of A^', 

a:Vn^M, (3.64) 

such that $((7, (7(2;)) = (j{x), for all x EVn and g E Q. 

'This condition is very restrictive, in fact it can be only applied to a small number of examples. This 
constrain is replaced by a more adequate resctriction in the next subsection. 
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Using a, we can define an n-dimensional submanifold of by = (t(F„), 
and, through p and M, the bundle ^ = p~^{M). By defining the restrictions of the 
projection map p and of the 3^-action to ^ as p = p\^ and ^ = ^f]^, we shall have 
that 

is a fibre bundle that possesses as structure group y. 

Let it be notice that, since ct is a ^-invariant section of A^, will be also Q- 
invariant, i.e., for each point z G Adwe shall have 

gz = ^g,z)=z, (3.65) 

where $ = is the restriction of the ^-action on to A^. 

Turning upon !F, we see that in general the dimension of will be inferior to that 
of J^, and so, if !F defines completely - as will be shown - J^, then a first dimensional 
reduction has taken place. 

Let us take 

T = gy^T, (3.66) 

and 

(.9,^) ^$^(.9,0). ^^-""^ 

Then over T will exist a tj-action given by g'{g,4>) = {g'g,^{g' ,4'))> for g' G G 
and {g, 0) e JF. By extending the projections of M the fibre bundle can be recon- 
structed. 

Since the base space A^ of is fj-invariant, the action of this group on ^ must be 
vertical, i.e., its action must be only over the fibers of f". Since over those fibers 
there is the action of another group, y, an equivalence relation between the two actions 
could be made and in this way the fibre bundle ^ could be yet reduced. 

To that purpose, let us consider the two actions 

^:p:gx^ — (3.68) 
^■.yxf- — (3.69) 

Our goal is to establish a relation between these two. With this scope at sight, let us 
define the following map 

ipjg xf- — >y, 

{g, 4>) i^{g, cf>) = o $^(5, (3.70) 

The restrictions of i^ to the first and the second components will be denoted, respec- 
tively, by 

i^g-.^^y, (3.71) 

i'-4,:g^y. (3.72) 

These last can be used to estabUsh a relation between the action of ^ on ^ and that of 
y at fixed point cf) & T. Then a problem takes place: we can establish an equivalence 
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relation between the action of Q and that of y only at a local level! That is, the equiv- 
alence relation established through ijj^ is only valid at a single point (j) E !F. Once we 
move away from this point the equivalences made through ijj^ will change because for 
two distinct points (t>,4)' € f,i>^ and will in general differ. 

In order to proceed, a restriction shall be made: fixing a point 4>q E T and writing 
all the equivalence relations between the actions of the two groups through ips = "ip^g 
the equivalence relations in all the other points (t>of T can be deduced from ips through 
the following relation 

^^ = y{Msy'H^), (3.73) 

for a convenient choice of an element y of 3^ that will obviously depend on the point ((> 
on which the equivalence relations are determined. The restriction is then the follow- 
ing: all the homomorphisms ijj^ should lie on the same orbit of the action of the inner 
automorphisms in Hom{Q, y). 

Through (I3.73> the equivalence relations between Q and y can be determined in all 
points (j) E T. We will then be interested to know the points of T that have the same 
equivalence relations as the fixed point i-S-^ the points cj) E T such that, in all of 
them, to an element g E G there is an element y E y - that is the same for all the points 
- that their action on that points is the same. The set of these points is 

T'' = {^eT:4,^ = VJ. (3.74) 

A restriction of the action of y (and, by equivalence, of Q) to will be such that a 
point on JF*" is transformed, through that same action, in another point of JF^ (the action 
must be close). The subgroup of y such that its elements satisfy the previous request 
is the centralizer of -0s (G) in y, that is, 

C ^ CyiMS)) = {yey-- v^s{9)y-^ = ^sig). g e G}. (3.75) 

Along with the restrictions p'' = p\j^r, vj/ '" = ^\jrr we have that 

.F'■(>^,F,C,p^vI,'•) 

is a C-fibre bundle. The inicial bundle can be reconstructed by taking T ^ y y-c J'^ ■ 
A second and final reduction was then made. 

The Fibre Bundle M{Vn,Gin,G, tt, $) 

Let us now consider the case in which a fibre bundle Ti^M. , J^, 3^, p, is defined over 
a fibre bundle A1(V^„, G /Ti,, tt, $), whose internal space is homogeneous. 
A lift of the action of G to T, 

'^:f-G-x:F — (3.76) 

and of a 7i-invariant global section of M, 

a:Vn — > M (3.77) 

are supposed to exist. 
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We make then the following definitions: M = cr(F„) C M, T = p ^{M) C T, 
p = = vp]^ and 

^jr-.gxf- — >f-. (3.78) 
A fibre bundle can then be constructed over tW: 

Since Ai is 7i-invariant, the action (I3.78> over will be vertical, and so, if we define 

i:gxHf'_ >f'_ .^7Q. 

we shall have that i is a tj-invariant diffeomorphism, and so can be considered an 
embebing of T in 

J=-^gxnT. (3.80) 

With $ jr and (I3.80> the inicial fibre bundle T{A4 , F,y,p,^) can be reconstructed and 
so a first dimensional redution has been made. 

Like in the previous section, in order to perform another reduction, let us define 

ij-.HxT — >y, 



(3.81) 



The restrictions to the first and the second components will be, respectively, 

4>h-r~^y, (3.82) 

4'y-n^y. (3.83) 

By using the last restriction we can establish a correspondence between the vertical 
action ofHoTiT and that of y for a fixed point e JF. As before, the equivalence 
relation that can be made through -ip^ will be local, and so we must introduce the 
restriction that all homomorphisms i/i^ should lie on the same orbit of the action of the 
inner automorphims in Hom(7Y, 3^), i.e., once fixed a point 4>o ^ ^ and the restriction 
over it, i/i^^ = ■(/'s, we shall have 



i,-^ = y{$)i>sy-\$): (3.84) 

for all e .F and for a conveniently choice of y e 3^. 

The previous relation allow us to construct all the equivalence relations over T, 
once known (t)g at a point. As before we denote by 

T'- ^{^(.T -.^-^^ 7/-,}, (3.85) 

the subset of T of those points e JF such that their equivalence relations are the same 
as those of the point 0o chosen. Over this space it is defined a fibre bundle structure, 

r{M,F,C,p\-^l. 
such that its structure group is given by 

C = CyiMn)) = {yey: yMh)y-' = Mh), h e (3.86) 

and p"^ — p\j^-r, — 'I'l^rr. The inicial bundle can then be reconstructed by taking 

T = yxcT\ 
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3.1.4 Dimensional Reduction of Matter Fields 

The Principal Fibre Bundle M{Vn, G, n, $) 

Let it be defined over (V^, CJ, tt, $) the fibre bundle of linear frames E{Ai) and the 
fibre bundle ^-'{Ai, F,y,p, 'i'). In general, a matter field configuration will carry a 
representation of the linear group GL{1, to — 1) and of the structure group 3^. It will 
be then defined as section of the following fibre bundle Q{Ai, F,J',Tt,Q), 

Q = {(e, 0) e EiM) X T : p(e) = p(0)}, (3.87) 

such that its structure group is J' ^ GL (l,?7i— l)x3^ and has for canonical projection 
and iZ-action, n — p® p and Q, respectively. 

Once defined a metric 7 on A^, the fibre bundle of linear frames can be reduced to 
E{M), reducing Q to the fibre bundle Q{M,J, Q), with J = 0(1, to - 1) x J^. 
This one can yet be reduced through the introduction of an adapted frame in every 
tangent space to Ai. We will then get the bundle Q{Ai,J", tt, Q), 

Q = {(e, 0) e E{M) X T : p{e) = (3.88) 

with J = 0(1, n - 1) X 0(m ~ n) x y. 

We will supose the existence of a lift of the Q action to 

'S'jr-.QxT — yT. (3.89) 

Since $ naturally lifts to a ^/-action on E{Ai), and so on E{A4), we will have defined 
an action of Q on Q, 

$Q : a X Q — > Q (3.90) 

Defining FQ as the matter field configuration space - the space of sections of Q -, 
there will be in this space a representation of J', 

[Tfq]iz)^Q(j,q)(j-'z), (3.91) 

with j E J^, q E TQ, and z E M. By ( 13.901 1 there will also be an induced representa- 
tion of Q, 

[T^q]{z) = ^Q{g,q){g-'z), (3.92) 

forgEG and z E M. 

We will consider only -invariant matter fields configurations, 

[T^q]{z)^q{z). (3.93) 

Let it be defined a ^-invariant global section on M, 

a:Vn^M, (3.94) 

such that $(5,(t(x)) = (t(x), for all a; e Vn and g E G, and let us define the Q- 
invariant submanifold Ai = <j{Ai) C A4. As in the previous section, we will take 
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Q = TT~^{M) and construct the fibre bundle Q{M,j, tt, Q) over A4. This bundle, 
by the results of the previous section, completely defines the initial fibre bundle Q. 

In order to proceed, we will assume that the metric 7 defined over A4 is -invariant. 
Then we can define a metric over M by projecting 7 through p. An action of 0(1, n — 
1) over A4 will then be given and so we can define over Ai the fibre bundle of or- 
thonormated frames, E{A4). We can then take 

Q = {(g, e, 4>) e E{M) X VE{M) x T : Vp{e) = p{4>)}, (3.95) 

where VE{A4) C E{M) is the principal fibre bundle consti-ucted from E{A4) by 
taking only the vertical vectors over A4, that possesses for structure group 0{m — n) 
and where T = p^^{M) is the total space of the fibre bundle !F{Ai, F, y,p, 

We can now perform the dimensional reduction of Q by reducing the fibre bundles 
by which it is defined. The bundle VE{Ai) will lead to a fibre bundle with a structure 
group Co(m-n){G) (cf. prcvious section). The reduction of will conduce to the 
bundle that possesses as structure group Cy{G)- We shall then have for the reduced 
form of Q, Q'^, a structure group 

J"^ = 0(l,n- 1) X Co(,n-n)iMG)) X CyiMG)), (3.96) 

where 

X-.gx VE{M) — > 0{m - n) (3.97) 

is the analogous of ( I3.70t for the bundle VE{M) and As = A(eo), for some fixed point 
eo € VE{M). QJ" will be given explicity by 

Q'- = {5 e 2 : ^(5, 5-) = g e g}, (3.98) 

with 

P = X^'4,:gxQ — > 0{m -n)xy, (3.99) 

and = Xs® i^s- 

We will then have a matter field configuration space TQ'^ on which three rep- 
resentations are defined: a representation of the Lorentz group, a representation of 
Co{m-n){Xs{g)) and of the gauge group Cy{-ips{g))- Since we are considering only 
tj-invariant matter fields, the representation of Co(m-n) i^s (5)) must be trivial, and so, 
over this space of tj-invariant matter field configurations we can neglect the action of 
this group. Then we can reduce further the matter field fibre bundle Q'^ to a bundle 
with a structure group given by 

J"- = Oil,n-l) xCyiMg)). (3.100) 

We have then concluded that a CJ-invariant matter field configuration, in a given 
representation of a gauge group y, defined over a multidimensional universe with a 
principal fibre bundle structure A4{Vn, g) is equivalent to a matter field configuration, 
in a representation of the gauge group Cy{'ips{g)), defined over the base space M C 
M. 
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The Fibre Bundle M{Vn, Q/H, Q, tt, $) 

The treatment for a matter field configuration defined over A^(F„, CJ/7i, ^, tt, $) is 
very similar to the treatment given in the previous section, and so we will present only 
the results. 

A matter field configuration over A4 will be a section of a fibre bundle Q{Ai, J^), 
with J = GL{1, m — 1) X y, where y is the gauge group of the bundle J^{M,y). 
After defining a W-invariant global section a : Vn — > M and considering the G- 
invariance of the matter field configurations and of the metric 7 defined on A4, several 
dimensional reductions of Q will take place. The final result will be a bundle with 
a structure group 

= Oil,n-l)xCy{Mn)). (3.101) 

3.1.5 Dimensional Reduction of Gauge Fields 
The Principal Fibre Bundle M (K, tt, $) 

Let us consider a principal fibre bundle J^{M,y,p, ^1/) defined over M{Vn, Q, tt, $) 
and let us supose the existence of a lift of the action of G to T: 

^jr-.gxT — >T. (3.102) 

Restrictions to the first and second components will be denoted, as usually, by ^jrg 
and $:f0, respectively. 

Let it be defined an infinitesimal connection over T, described by an infinitesimal 
connection form co that we will supose to be ^-invariant: 

^J-gW = w. (3.103) 

Let it be defined a ^-invariant global section of A4, 

a:Vn — >M, (3.104) 

and let it be defined the principal fibre bundle f'{M,y) over M = p~^{M) (cf. 
section 3.1.3). T will completely define J-" through the dimensional reduction process, 
so it is expected that the infinitesimal connection form u) can be subject to reduction 
over f". 

To that purpose, let us consider a generic point (p E !F over z = picf)) E Qx C A4, 
with Tr{z) = X £ Vn, and let T^J^ be the tangent vector space to ^ in that point. 
Let ^ e be over z G A4 such that <p = ^J^g{4') for a convenientely choice of 
g G g. Then z will lie in the same fiber of z, i.e., z G Gx- Let e'^' G E{^) be a 
orthonormated frame in the tangent vector space T^T. We can induce a decomposition 
of the cotangent space T^!F by choosing an adapted frame e** G E{!F) such that 

e"^ = ^*^g{e'^) ® %{e'), (3.105) 

where C E{Gx) is an orthonormated frame of the tangent space T^Gx and y G y 
such that ^ = ^{y, z). 
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Associated with the decomposition J3.123> there will be an identical decomposition 
of the cotangent space T^T. Let us write the infinitesimal connection form uj in such 

adapted orthonormal frame Cz & E* {T) 

<jj = 0^1 + UJ2, (3.106) 

with LOi and L02 lying, respectively, in the subspace spawned by and iz- 
Let us define 

Cj = uox\f, (3.107) 
^"(^) = <^*-,.oj2\f. (3.108) 



We will then have that uj will obey all the conditions presented in 12.1.21 being an 
infinitesimal connection form defined on f. £, will be a 3^-invariant map from Lg to 
the Lie algebra of the gauge group, Ly. By 3^-invariance we will have 

^O^ily = Ady-l O^, (3.109) 

and by tj-invariance of UJ, KT03[ . 

a^)oAdg^Ad^_^g^o^{4>), (3.110) 

where ^ is given by ( I3.70> . By ( I3.103> . Cu will also be C^-invariant, 

^*jrgU;^LU. (3.111) 

We must be able to reconstruct the initial connection oj from the knowledge of 
(<D, ^) and of the Q and 3^ actions in order to the dimensional reduction process be 
complete. From l3.l31 we can construct J- by taking T ~ Q T and using ^jr. A 
tangent vector u to at a point (\) — {g,cf>) can then be written as 

V = V + 9 

with V e T^f^ and 9 £ TgQ. In special, we can write 9 — gX, with X E Lg the vector 
of the Lie algebra of Q generated by 9 (cf. section l2'.1.2t . In this way, we shall have 

v^v + gX. (3.112) 

We will define the action of a infinitesimal connection form uj over v as 

uj{v)=uj{v)+^{4>){X). (3.113) 

It can be proved that this connection obeys all the properties given in l2.1.2l 

From a principal fibre bundle !F{A4,y) over which it is defined a fj-invariant in- 
finitesimal connection form uj we get then, by dimensional reduction, a principal fibre 
bundle y) with a C/ -invariant infinitesimal connection form uj and an y and Q- 

invariant map ^. A dimensional reduction of an Yang-Mills-type action defined over 
^, 
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will then occur. By taking a decomposition of = Duj according to J3.123t and using 
the homomorphism (I3.67> we can write 

i* {Du})^^'^^ =r (^dLUi + ^[u}i,uji]^ ^diD + ^[oj,oj] =n,(3.115) 

I* {Duf'^^ = I* + ^^,..2]) = \p* {d^+ [o^,^]) = 1?* {D^ ,(3.116) 

t* {Dcof^'^ = r Q[^2,c.2]) = ^P* ^P* .(3.117) 

The reduced action can then be determined: 

Sg^A^,C] = ^J^^ (ll ^ llex^ +1 II P* {D^ llex^ + II P* HO) llex^) , 

(3.118) 

and since cu and ^ are ^/-invariant, we can integrate over Q (cf. section 2.2.3), 

sA^.^] = (ll ^ y +1 II p* m y + II p* 11^) . (3.119) 

This action will trivially be reduced to the following action over T^, 

^^^j^.^^^j = (ll y^ +1 II 11^- + II p''* ("(D) 11^-) , 

(3.120) 

with — ^\yrr, u!^ — u;\.pr and ft^ — Duj^. Moreover, the previous action can yet be 
written (integrating over the fibre of and by defining a local section s on T^) as 

S_^[A,cl,] = j^d-'x^g (ltr{F,,F^'') + Ur{D^4>D^ci,) - y(</))^ , (3.121) 

where F = s*ri, A = s*ijj, = P*"*^, 

y(<?!>)d"2; = -a(0)A*a(0), 

with a = s*a, and g is the determinant of the metric of M and where the internal 
volume factor was rescalled to one. 

The Fibre Bundle g^/H, 5, tt, $) 

Let JF(A^, 3^,p, v]/) be a principal fibre bundle defined over A4{Vn,G /Ti-, G, tt, $) in 
the conditions of section 2.1.3. A lift of the t^-action of to is suposed, 

-.g X ^ J^, (3.122) 

and a 7i-invariant global section cr of and an infinitesimal connection form oj over 
^ that is also -invariant, are given. The base space J\4 of/and the principal fibre 
bundle !F{M,y,p, ^) are constructed in the same way as in the previous subsection. 
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Following, again, the previous subsection we define in the same way a decomposition 
of the tangent vector space T^J^ of in a point </> G J^: 

e"^ = ^J^gie^) ® Ki^'), (3.123) 

where C E(Q/Ti.x) is an orthonormated frame of the tangent space TzQ /Tix and 
y ^ y such that (j) = 'i>(y,z). Using the metric an identical decomposition of the 
cotangent vector space at the same point cp e will occur. Let us then write the 
infinitesimal connection form co, following such decomposition: 



■■C01+UJ2. (3.124) 



We define, as before, 



w=wi|^, (3.125) 
C(^) = $^^c.2|^, (3.126) 

and with the same Unes of thought as exposed in the previous subsection, ui will be a 
^-invariant infinitesimal connection form over f" and ^ will be, for each ^ G f", an 
3^-invariant map from L-p to Ly. It will further obey 

m ° Adh = Ad^j^ih) o (3.127) 

for ail hen. 

With a reasoning similar to that of the previous subsection we shall have that, for a 
tangent vector to at </) that can be written as 

v = v + XH9H + >^r9v, (3.128) 

with Xt-c G Lt-c and X-p G L-p generators, once given uj and ^ in the associated point on 
,F and with the action of G on J^, we can define a ^-in variant infinitesimal connection 
form w of ,F at that point as 

uj{v) = Cu{v) + r^iXn) + m{Xp), (3.129) 

and following this procedure to define an infinitesimal connection on JF. 

We now proceed to the dimensional reduction of an Yang-MiUs-type action defined 
over J^: 

By decomposing Cl according to the same decomposition of u, we shall have 

1. A . 1 



r =i* i^duji + -[uji,uJi]j ^du> + -[u!,u!] =0,(3.131) 

i* [Dojf'^^ = i* Q(ia;2 + \[loi,lo2]^ = \p* {d^+ [co,^]) = ^p* {D^ ,(3.132) 

= hp*{i^'i]-^°i-r]\L^-ro[;-]\Ln)=p*HO), ■ ' 
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where in the last expression we have used J3.127> . i.e., the relation (written in another 
but equivalent form) 

[V5*(Aw),C(Ap)] =eo [Xh,XvI (3.134) 
for X-j-i E Lt-c and X-p E L-p. The action can then be writen as 

(3.135) 

which can be reduced to 

= ""td/y)^ (" ^y+l II P* TO 11^ + 11 ^* ("(^')) 11^) ' 

and this to 

sM^'-^c] = ''''^^^^l^j^yl^^^^ (ll 11^- +^ II {DO 11^.- + II p" iaic)) y-) ■ 

(3.137) 

Finally, by defining a local section s of T^, we can give S its definitely form 

= j^d^x^g (^^tr{F^) + ^irp'/'') " ^('Z')) , (3-138) 

where F = s*Vt\ A = s*uj\ p"^^ 

y(0)d"2; = -a(0)A*a(0), 

with a — s*a and 5 is the determinant of the metric of M and where the internal 
volume factor was, as before, rescalled to one. 

3.2 Dimensional Reduction of General Fields 
3.2.1 Harmonic Analysis 

Unitary Representation of the Internal Symmetry Group Q. 

LelU{Q) be the set of all continuous irreducible unitary representations U of Q'^ f9"'l 11 
and let us suppose that there is an intertwining transformation T |10| such that to 
two irreducible unitary representations, U and U' that act, respectively, on the Hilbert 
spaces Ti and 7i', we can establish the relation UgT ~ TUg, for all g E G- if T is an 
isometry then we say that U and U' are equivalent and we write U ~ U'. The dual 
object of Q, Q, is defined as the set of all equivalence classes of irreducible unitary 
representations U of Q. To each u G ^ we can then associate various representations 
U eU {M). We will represent a generic element of the class a by U'^'^^ and denote its 
(Hilbert) representation space by 7Y(cr)^. Due to the compactness of Q this space has a 
finite dimension . 

^The internal symmetry group Q is compact. 

^All representations U^"^ 6 cr operate on Hilbert spaces of the same finite dimension and so we can 
consider that all this representations operate on a single Hilbert space 
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Let a £ Q, U^'^^ be the representative of cr and let {Ci}i=i, be a fixed but 
arbitrary orthonormal basis in the representation space Ti^cr)- We define the coordinate 
functions of U^"'' in the previous base as 

u%}{g)^<U^''\kX,>, (3.139) 

for j^k G {1, • • • , dcr}, <? G G and where <, > is the internal product defined on the 
Hilbert space 'H{a) ■ 

We can now present the Weyl-Peter theorem 1101 : 

Theorem. For all cr e ^ and j^k e {1, 2, dcr}, let it be defined the coordinate 

functions u^^^ of the reprentatives U^"^ in a basis {Ci i ■ • • i Cd„ } of the respective repre- 

1 / , 

sentation spaces 7i(cr). The set of functions is an orthonormal basis for C2{Q). 

Thus for (f) e ^2{G), we have 

^^J2J2d,< 0, > , (3. 140) 

where < 0, u^"j} >— Jg (f>u'j'^^* dX, with dX the de Haar measure on Q, and the series 
in (I3.140> converges in the metric of €2(0)- 

The character xu of a finite-dimensional representation U of Q is defined as the 
function xu{g) = ti^{Ug), where the trace is defined as tr{Ug) = X]fc=i Uhk{g), being 
d the dimension of the representation space and utk, k = 1, • • • , rf, the coordinate 
functions associated to U E U{Q) in some basis of the representation space. One can 
prove that for two irreducible unitary representations appartening to the same class 
a their character is the same. We can then associate to each a & Q the corresponding 
character of the class Xa- We will now present a corolarium of the Weyl-Peter theorem, 

Corolarium. Let e ^^2{G). Then the equalities 

(j)=^d„Xa*(li=^da(j)*x<y, (3.141) 

hold, the series converging in the metric of C2{G). 

The convolution of Xa with is explicitly given by (9l, 

X. * Hg) = / x^(A)</>(A-i5)dA, (3.142) 
Jg 

where dX is the de Haar measure on Q. We can then write (I3.141> as 

Ha) = E/- / X<x(A)0(A-ig)dA. (3.143) 
tree ^ 
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Harmonic Expansion 

Let rjF be the configuration space, i.e., the space of the sections of the fibre bundle 
J-{A4, F,y,'i/). Locally we can write the total space Ai as a product space A4 = 
Vn X Q of the base space Vn and the internal space Q. We can then write, at a local 
level, for an arbitrary point z e A^, in a local coordinate system, 

2 = {x,g) = {x,<j)ux{9)), 

where x — tt{z) G U C Vn and z ~ 4>Ux{g) for g E G and 4>u E $. Then, at a local 
level, we have 

Let us now make the restriction 

(l>x{g) = 4>{x,g), 

for fixed x G Vn- Then we will have that (j)x{g) is an application that has as support Q. 
Let us now write (p{z) = {z, (f>z), such that, (pxig) — {z, (p^)- Then ipg E C2{G), and 
so we can then apply the corolarius of the WeylPeter theorem to ip^ . We have 



or, since we have by ( I2.93> . 

[Tg4>]z = [Tx(t)](x,g) = (f>l-lg, 

we get 



aeg 

Appearing x only as a free parameter we can write directly 



Vd. / x.W[Tx(t>]zdX. (3.144) 
Jg 



aeg 

Writing [Tg(t>]{z) = (z, J = (z, [Tgcf)]^), we finally get 



) = V / xAMTx(t>]{z)dX. (3.145) 
Jg 



We can then define a projection operator over the configuration space TT: 

'I^ ^ ^"1 \ ' (3.146) 

with 

7ro-(/)(z) = / x<j{^)[T\4>\{z)d\. 
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The subspace T^-J^ consists of the field configurations that transforms with Q in the 
same manner as the irreducible representation U^°''> of a. We can then rewrite ( I3.145> 
as 

</)(z) = ^^,0(z). (3.147) 

tree 

This equation expresses the fact that Q^^gYf^^r)^ is isomorphic with FJF. Following 
1431 we will call to an element e T(^cr-^J^ an harmonic of type a. 

We will now choose an arbitrary but fixed basis {Ci}i=i,- -,d„ of the representation 
space 7i(CT) of the irreducible unitary representation for a € Q. The character of 
this representation can be written, as we have seen, in terms of the associated coordinate 
functions of U'^'^\ ^fe^- ^^^^^ depends only on the diagonal coordinate functions 
"fefc^- ^^^^ write, going backwards, 

X.(A) ^J2^kkW = E < t^^'^C/cCfe) > ■ (3.148) 

k=l k=l 

Substituting this in the expression of 'K„(j){z), we get 

^,0(z) = V / < C/f ^a, a > [Tx<P]{z)d\. (3.149) 
fc=i •'Q 

By defining, following f431, the Fourier component of </) along a vector Q E T^ia) in 
the representation class a as 

(z) = ^ u'^^\[Tg^]{z)d\ (3.150) 

we have 

da 

7r,(/.(z) = ^<4f,a>. (3.151) 

k=l 

Let us define the fibre bundle T(^„-^{M,Ti^„) ® F,y,^a) defined over M and 
that possesses for fibers the tensor product space 'H{a) ® F^, where F^ is the typical 
fiber of !F. We have that the Fourier components within one representation of the 
type a belong to a very special subspace of the space rjF(cr) of all sections of ^{a)- 
belong to a subspace rinv^(cr) <^ ^-^{ir) '^^at is ^/-invariant. This is the main reason for 
introducing the Fourier components of some configuration field: being -invariant, the 
Fourier components can be dimensionally reduced (the prescription was given in the 
previous section). The equation ( I3.151> then traduces the fact that Fj^) is isomorphic 
with the space T^nv^ia) ® 'H(a}' 

^T,,,,T(„)®n(^„) (3.152) 
We have then established the following isomorphism: 



(3.153) 
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Harmonic Analysis over an Homogeneous Space 

In order to replace in the previous analysis the internal space by an homogeneous space 
G /Ti we must have to apply, for all the representations U^"\ a <E over the Hilbert 
space H(cr), the following condition 

u'-^r ^Ul''^ul^\ (3.154) 
valid to all G 7Y C 5. In terms of coordinate functions we shall have 



In order to proceed we supose that 

\AetAdg{h)\^\detAdH{h)\, (3.156) 

for h G H. Then there will be a positive tj-invariant measure dX-j-c on Q /Ti fS'l and such 
measure will be unique up to a constant factor. Moreover, we shall have for / e £2 [G), 

f f{X)dX ^ f ( f f{Xh)dh) dXn. (3.157) 
Jg Jg/n \Jh / 



Let us define 

/([ff])= / f(9h)dh. (3.158) 
Jn 

Then the mapping / ^ / will be a linear mapping from £2(0) onto £2(0 1'H) and so 
can be used to write the decomposition (I3.145> over the homogeneous space Q /TL. 
We write the Fourier components of (f) along a vector C, G W(cr) as 

q}'f\z)=d^ f Ux^4>Xniz)dXH, (3.159) 
Jg/n 

with 

^Xni^)^ I ul^\[Tx^h<P]iz)dh (3.160) 

The analysis will then be identical, only changing the internal space for an homo- 
geneous space. 

3.2.2 Dimensional Reduction of Gravity and Matter Fields 

Let it be defined over A4{Vn, G /Ti) the fibre bundle T{M., F, y) and the correspon- 
dent space of local sections FJF. A field, in general, can be written as an element 
(p G rjF, and so it can be decomposed as 

<^(z) = ^^,0(z). (3.161) 

aeg 

We then write Tra(j){z) in terms of the field configuration's Fourier components. 
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The Fourier components of a field configuration for all the representation classes 
a £ G determine completely the second and are determined by it. Being ^-invariant, 
each Fourier component can be subjected to the dimensional reduction process anal- 
ysed in the previous sections. Since the dimensional reducted Fourier components 
determine completely the unreduced Fourier components, we have performed the di- 
mensional reduction of the field configuration itself. 



CHAPTER 3. DIMENSIONAL REDUCTION 



Chapter 4 

SYMMETRY BREAKING 



A general approach to the study of symmetry breaking processes in Kaluza-Klein type 
theories is presented. It is shown that in general the dimensional reduction process 
inherent to such type of theories will conduce, first, to a geometrical symmetry break- 
ing, being the gauge group of the Yang-Mills fields obtained a subgroup of the structure 
group of the fibre bundle structure of the initial manifold; and second, to a spontaneous 
symmetry breaking of that reduced gauge group led by a scalar field also obtained from 
the reduction process. It is explicitly present the form of the breaking scalar poten- 
tial when the internal space is symmetric. Finally, the spontaneous compactification 
process, by which a fibre bundle structure can be dynamicly achieved by a general 
manifold - and so without imposing it a priori - is presented. 

4.1 Quantisation 

4.1.1 Quantisation of Matter Fields 
The Matter Field Configuration Manifold 

Definitions. Let TJ^ be the configuration space defined over M. Since TJ^ is a vec- 
torial space it possesses the structure of an infinitely dimensional manifold. A point 
over TT will be represented by (j). The coordinates of a point 4> will be given by the 
correspondent components of (j) in some basis {0i}^o (usually the set of eigen- 

vectors of some operator): 



The Tangent and Cotangent Bundles. From each a one constructs the differential 
dci, creating in this way a basis {dcjj^Q of the cotangent vector space T^YT. In a 
similar way, {di}flQ wiU constitute a basis of the tangent vector space T^TT in the 



oo 




i=0 



(j) = (C1,C2,C3,- • •)• 
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same point 0. We then construct the tangent and cotangent vector bundles, TTT and 

T*TT. 

The Classical Action and the Dynamical Space. The action S of the field will 
be a real-value scalar function (functional) on the configuration space, that is, 5* e 
A°(rjF,7?,). The variational derivative 6S/S(p will then be a one-form on FT, being 
the dynamical field configurations defined as the field configurations cj) E T!F that obey 

^ = 

for some boundary conditions. The set of all (classical) dynamical field configurations 
is entitled the dynamical (sub)space of the configuration space and will be represented 
by TTs- 

The Quantisation Process 

The quantisation of the matter field configurations can be settled in the following three 
steps: 

1 . Let rjF* be the dual space to FJF and let us fix an action S and define the fol- 
lowing functional: 



ZsU)= x>0 e^(^('^)+<^''^>-^), (4.1) 



for j G T!F* and where 



IM 



is the internal product defined over M (cf. section l2.2.3t . 
2. From Zs <E A°(rjF*, 7?^) we define the connected generating functional through 

exp(iWs(j)) = ZsU), (4.2) 

with j e FT*. 

By expanding Ws in a functional Taylor development, 

w5(J) = Er=l^(••■(G("^J•)^■••.J■)^ 

= i Im d"'z,^- ■ ■ d^^ZnV^G'f^Ujz^, z„)j^Hzi) • • • 

(4.3) 

we get the connected Green's functions G'"-'. 

The background matter field configuration is defined through the Ws G A" (FJF* , TV) 



as 



SWs(j) 

— P^. (4.4) 
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(f)c can be defined as a section of a fibre bundle J^d-M., Fc, Pc, ^c). 

3. Finally, the effective action F e A°(rj^c, TZ) is defined as the functional Legen- 
dre transformation of the connected generating functional in terms of the back- 
ground field, 

r(</'c) = wbX0c)]- < ji^c), <t>c > ■ (4.5) 

The (quantum) dynamical (sub)space of the background matter field configura- 
tion space is defined as the subspace of the background fields 4>c & T^c 
that satisfies 

^+i(0c) = O. (4.6) 
Or, in the absence of currents, as the solutions of 

that is the quantum formulation of the identical expression for the classical action 

S. 

By expanding F in a functional Taylor development, 

^(<^c) = E~l;^<•••(^("^^c)^•••,'^c)^ 

(4.7) 

we get the IPI Green's functions or the proper vertices F^") . 

Since the quantum fibre bundle J^c usually coincides with the classical one, !F - this 
neglecting that ^ is in fact an operator space over an Hilbert space and that J^c isn't - 
we can make F^c = T^, and thus the quantum process is resumed to an automorphism 
in the space of functions defined over the matter configuration field manifold, that is, 
we write the previous quantisation process as an automorphism 

T : A0(Fjr,7e) A°(Fjr,7e), 

such that the effective action F is written in terms of the classical action S through 

T = TS. 

The quantisation process, and so the quantisation operator, is dependent on the in- 
termediate cormected generating functional Ws. It is this functional that induces the 
quantum transformation (6 ^ in FT. This being non-local (referred to the config- 
uration manifold FJF), it differs from the usually (active) "coordinate" transformations 
on a generic manifold, and it is the non-locality of the quantum operator T that set its 
nature as a statistical one. 

An expression to the quantisation operator T is desirable if one wishes to study 
the breaking of a symmetry of the action due to the quantum process (anomalous or 
spontaneously symmetry breaking). 
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Perturbative Expansion 

Let us suppose that the background matter field configuration is close to the matter field 
configuration, i.e, that 

<A = <^c + ^, 

where ^ it's a small quantum perturbation to ^c- Then we can write for the classical 
action 

S{cP) = S{ct>c) + (^(<^c),<^)^ + I ^0, {w^'^''^'^)m)m ^ " ' ^"^'^^ 

If the quantum effects are small, as they are supposed to, the effective action shall 
be given, approximatively by the classical one: 

oo 

r(,^e) = 5(</)e) + 5^rW(</,e), (4.9) 

fe=l 

where F^*^) is the A;-loop correction to the classical action due to quantum effects. We 
will be interested only in the one-loop correction term T^^^ . 
From the Legendre transformation 

Ws\j{(pc)] = T{(Pc)+ < j,<l>c >M, 

the background equations 

j{(t>c) = -Tl-(^c), 
d(f>c 

from the measure transformation 

Del) = Vcf), 

and from the functional development of both the classical and effective actions we 
obtain 



exp 

/p^I?0 exp 



(4.10) 



Cancelling the common terms we will get 

oo „ 

fe=i 

where we made 



Ml M , 

r:F 



^ = -Yii^c). (4.11) 



We get for the one-loop term 



P0e"^^'\-"'^/>i/>.. (4.12) 
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We now write the quantum perturbation in terms of its coordinates: 

oo 

fe=i 

where {0„} is an orthonormal base of TJ^ and its elements are eigenvectors from the 
operator A: 

Writing for the measure 

oo 

with [i a normaUsation constant, we will have 



1-^ n 



e^r'^'('^=) =11 \ac,-^e 



And since < <^m, (f>n >m= ^mn we will have 

We can now perform a Wick rotation, changing the eigenvalues Ak into —iAf., and so 
we get 

oo „ 

TT / dck -^e 

Each integral in this product is a Gaussian integral with value ^/-Kijfi/An so we finally 
get 

r(^H0c) = if:in(^). (4.13) 
Introducing the zeta-function 

c(4k)=f:^§)^^ (4.14) 



n=l ^ 



and taking its derivate, 



C'(4l«) = -f:inf§)f§) , (4.15) 



we can write the one-loop correction as 



r«('Ac) = -ic'(^|o). (4.16) 
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4.2 Symmetries 
4.2.1 Basic Definitions 

Let M{Vn,G/'H, 0,71,^) and T{M ,F,y,p,'^) be differentiable fibre bundles, being 
the first the base space of the second, and let us consider the space of the sections of JF, 
i.e., the matter field configuration space FT. Let S*, F e A°(rjF, 7?.) be, respectively, 
the classical and the effective actions of the matter and background fields. 

We say that the classical (or effective) action of a matter (or background) field 
configuration possesses a given symmetry if there is an action of a Lie group B over 
rjF that lifts to an action of the same group over A*' {T!F, TZ) such that the induced 
representation of the symmetry group transforms S (or F) into a functional that 
is linear dependent on S (or F), i.e., we have, for a B-type symmetry the following 
condition 



for allb E B and for c e A*'(S, TZ) different from the null function. 

We will be interested not in the symmetries of the action S over the multidimen- 
sional universe M but in the symmetries of the reduced and effective action 5^ over 
the base space M. In general, if the action over A4 obeys (I4.17> . then the reduced one 
will obey an identical relation 



where B^ C B is the symmetry group of S"^' - that will be, in general, of lower dimen- 
sion than that of the unreduced action, S. 

4.3 Symmetry Breaking Process 

4.3.1 Characterisation 

Symmetry Breaking Process. 

A symmetry breaking process is defined as an automorphism in the space of functionals 
over FJF that does not preserve a given symmetry, i.e., it can be written as an operator 
T G Aut{A'^{rT,TZ)) such that the transformed functional TS does not obey the 
condition ( I4.17> even if the original functional does so. In general we can write 




(4.17) 




(4.18) 




(4.19) 



for b' e B' and where ;B' c ;B is a subgroup of B. 



Geometrical Symmetry Breaking Process. 



A geometrical symmetry breaking process is defined by an homomorphism T between 
the space of functionals over FJF and TT^, with C such that T is not an 
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eigenvector of a representation of B but it is an eigenvector of a representation of a 
subgroup of S, i.e., 

T'^^T = c''r. (4.20) 

This expression is identical to ( I4.19> when T and JF"" are the same fibre bundle, and it 
presents, in fact, a generalisation of the previous case. 

In general, there will be always a geometric symmetry breaking when the initial 
fibre bundle !F can be reduced to a fibre bundle JF'' that completely determines it. We 
shall have in this case B = y and S' = C (cf. chap. 3). In this chapter we will 
only study symmetry breaking processes of the reduced action, that will be, in general, 
preceded by a geometrical symmetry breaking from the unreduced one. 



Quantum Symmetry Breaking Process. 

Anomalous Symmetry Breaking. A very common type of symmetry breaking oc- 
curs when quantising a given field theory and the final action - the effective one, F - 
does not retain an internal symmetry of the classical one - S. In this case, when the 
symmetry breaking is due to the quantisation process, we are in the presence of an 
anomalous symmetry breaking. 



Spontaneously Symmetry Breaking. A particular case of anomalous symmetry break- 
ing is the one in which the quantisation process does not break directly an internal 
symmetry but reveals itself incomplete. When quantising a theory there is a possibil- 
ity that in the end a degeneracy in the lower state of the theory be found. In order 
to theory be defined it is necessary that such state be unique: one of the states in the 
degeneracy must be chosen as the vacuum of the theory. By doing so, that is, by com- 
pleting the quantum transformation with a direct translation of the background fields 
configurations on FT, there will be, in general, a symmetry breaking: a spontaneously 
symmetry breaking. 

An spontaneously symmetry breaking will occur if the quantum motion equation 




holds for some v nonzero value of (pc, being necessary a redefinition of the dynamical 
subspace TTr on T!F, 

with T{v) : FjFr FjFp, in order to the theory to have a vanishing vacuum expecta- 
tion value. The action on the functional space A" (FJF, TV) will be 

F'(0,) = T{T{v)^,). (4.22) 

The complete quantum transformation can then be written as 

T^{rS)oT{v). (4.23) 

It must be noted that the value of v is obtained from (I4.21> . being necessary to know 
the expression of the effective action. In general this is not possible and only approxi- 
mations can be given to F (cf. section IT. 1.1> . 
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4.3.2 Spontaneous Symmetry Breaking 
Spontaneous Symmetry Breaking at the Tree-Level 

At a tree-level analysis, we say that a spontaneous symmetry breaking takes place if the 
classical action possesses roots in points away from the origin, i.e., that the equation 




(4.24) 



has for solution a non-null value of (f>c. 

In general the classical action can be written in terms of a Lagrangian density C 
that by its part can be written as the sum of two terms: a kinetic and a potential term. 
We can then write 

J M J M 

where K{D(f>CT<l>c) and Vb(0c) are, respectively, the kinetic and the potential term. 
Since we are mainly interested in cases where the vacuum expectation value is trans- 
lational invariant the condition of tree-level spontaneously symmetry breaking can be 
written as 




(4.25) 



for a non-null solution (fjc- It expresses the fact that Vo(0c) has a minimum for a non 
null value of the classical field 0c- 

It is then the form of the classical potential to dictate if it will occur or not a tree- 
level spontaneously symmetry breaking. 

Induced Spontaneous Symmetry Breaking from One-Loop Radiative Corrections 

Let us consider the trunked quantisation process to the one-loop correction of the clas- 
sical action, that is, let us consider the following effective action approximation, 

r(0,) = 5(</)c) + rW(0c). (4.26) 

Induced spontaneous symmetry breaking due to one-loop radiative corrections oc- 
curs if ( 14.2 1> is verified for a non-null (f)c after the addition of the one-loop correction 
term F^^^ to the classical action S. That is, it is supposed that (I4.24> has for its only 
solution 0c = and that is the correction one-loop term that comports the symmetry 
breaking. One must say that this type of analysis is in some sense unjustified since 
one can not say that a symmetry breaking occurs without calculating all radioactive 
correction terms. It can be that from the addition of all terms the symmetry breaking 
is lost, that is, that the quantisation process is complete and the symmetry breaking 
occurs from neglecting the high order terms in the perturbative expansion of that one. 
An example of this is given in [6J . 

Turning to (I4.26> we have that the one-loop correction can in general be written as 
a correction to the classical potential since it will only depend on (pc and not on in its 
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derivatives. By writing 

JM 

the spontaneously symmetry breaking condition can be rewritten as 

d 



{(t>c) = 0, (4.27) 



for a non-null value ( 



4.3.3 The Goldstone Problem and the Higgs Mechanism 

Let B be an rfs-dimensional synmietry group of the classical action and let B' C S be 

the ds' -dimensional symmetry group of the effective action. And let us consider the 
two point connected and IPI Green functions G'^^' and F^^^ ' . The two are related by 

/ drzy/^G\f{x - 2)r(2)j'=(^ -y) = <5f,jM(a; - y), (4.28) 
Jm 

for x,y G A4. 

In order to proceed we must suppose that the Lie algebra Lb is reductive, 

Lb = Lb'®Lb", (4.29) 

where ig/ is the Lie algebra of B' and Lb" is the complement to the last in Lb- 
Let us choose an adapted orthonormal base of Lb, 

— {-^i') •^^"}^'=l,■■■,(iB';»"='^B' + l>•••><^B• 
Let 

p-.BxTT — >TT, (4.30) 
13' :B' xTI" — > TJ^, (4.31) 

be the actions of B and B' on the configuration space TJ^. Then we shall have P{b, (p) G 
rjF for b E B and cf) E FJF. In special, for 6 in a neighbourhood of the unit e of B, we 
can take, using the exponential map, 

with 6^ , j = 1, • • • , ds, in TZ. For infinitesimal we can make 

b = e-iXjb>. (4.32) 
Then the action of this element in TJ^ will be given by 

/?(6,^)=/3(e - ^A,6^ 0) = - *^>^/3(A„ 0). 

'the notation could be misleading: it is not the two-loop correction to the effective action that we are 
considering. 
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The variation in cj) induced by the infinitesimal transformation represented by b will be 

<5b<^ = 7(6,0)-(^ = -z6J/3(A,,0). 
By using ( I4.29> we can write 

5b(f> = I3{\j,,(t>) - iV" (3{Xj„,(l)) = Sb,(j> + Sb"(j). (4.33) 
The associated variation on T!F* will be given by 

- d™zV^r(2)(a; - z)(<56,(/.(z) + 

Since (p will remain invariant for S'-type transformations, we will have S^rcl) — 0. The 
same will not occur for B", and so, if the symmetry breaking is not to be followed by 
the generation of currents, we should have 

6hj = ^ r(2) (x - z)6b"4>iz) = 0. (4.35) 

But this gives, 

t'-^\x-z) = O^G'-^\x-z), (4.36) 

and so the symmetry breaking will be followed by the production of dg" ~ ds — dt}i 
massless Goldstone bosons. In order to solve this problem we have to consider that 
there will be the production of currents by the symmetry breaking process: 

5b] + 0, (4.37) 

but that such currents will be absorbed into a gauge field of the S-symmetry, generating 
a mass vector field. This is the Higgs mechanism and it consists on the promotion of 
the global ;B-symmetry into a local one. 



4.4 Symmetry Breaking from Dimensional Reduction 
4.4.1 The Scalar Field's Potential 

Let us consider a principal fibre bundle JF(A1, 3^,p, ^I^) defined over a multidimen- 
sional universe Ai{Vn, M, Q, n, $) that possesses as internal space a symmetric ho- 
mogeneous space Q/H, with H C G, and let it be defined an CJ-invariant infinitesimal 
connection form uj on JF. 

From previous results (cf. section 3.1.5), this bundle can be subjected to dimen- 
sional reduction, leading to a bundle JF*" ( , C, p*" , ^I'''), with C the centraliser of ip{'H) 
in 3^. The infinitesimal connection form lu will define over an 7i-invariant infinites- 
imal connection tj'' and an 3^-invariant mapping from to Lp (g) Ly. The reduced 
action will be 

S^^^^r^^r^ ^ (^11 11^. +1 II f* [DC) \Wr + II (a(r)) II 

(4.38) 
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with 

"(D = ^r,r] - ° h-ik^ - Ir ° h-jk^- (4.39) 

By defining a section s of we shall get an action defined over the base space of 
i.e., over M., 

Sj^[A, 4>]= d^'xV^ {l^^P') + ltr{D<P^) - Vicj))^ , (4.40) 

where the scalar potential is given by 

Vi(t>)(rx = -a{(j)) A ★o((^), (4.41) 

with a = s*a and (j) = j?''*^'". By choosing a local coordinate basis {da;^}ju=o,- -,n-i 
on M. and a basis {\a}a=i,—,dim{v) on L-p we can write for the action 

Sm [A, (Px^ {h^r{F^,F^^'') + ^tr{D ^ct>D'' 4>) - V{cj>)^ , (4.42) 

with V expressed in terms of a in those basis, 

V{<P)=<aab,a''^>Ly, (4.43) 

having 



«a6 = ^['l>{K),(l){h)] - ^<l>o[K,>^b]\Lr, - ^V'* ° [K,Xb]\Ln, (4-44) 



and being < •, • >j:,y an inner product defined on Ly. 
We can then write for the scalar potential. 



y(0)=^ (4.45) 



fe=o 



with 



= \<ri[K,Xb]Ln),r{[>^",>^'']Ln) >Ly, (4.46) 

= 1 < ,^([A„,A(,]i^),Vi*([A",A'']i„) >i^, (4.47) 

V('\<i>) = i < 0([A„,A6]i^),^([A«,A*]i^) >Ly 

-i < [</.(A„), (/)(A6)]iy , Vi*([A», A^]i„) >i^, ^ • ''^ 

V^^\^) = -l< mXu),<f>{Xb)]Ly,m\ALr) >Ly, (4.49) 

V^^\<l>) = [<P{\a),<P{\b)]Ly,mn,<l>{X'')]Ly >Ly • (4.50) 
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4.4.2 Scalar Fields Analysis 
The Lie Algebra Decomposition 

The form ( I4.43t given for the scalar fields potential is still unappropriated since it does 
not take into account that (f> must be an interwining operator IIOIII II . 

(j) o Ad{n){Lv) = Ad{^p{n)){Ly) o (j). (4.51) 

From now on we will consider that both H and y are connected in a way that we can 
write the infinitesimal version of ( I4.51> l4l 

(j) o Ad{Lu){Lv) = Ad{i}{Ln)) o <j){Lv). (4.52) 

We will also consider the Lie algebras Lg and Ly to be simple. 

In order to identify the representation of Cy{ijj{'H) in which the scalar fields (j> 
belong we must decompose both the representations Ad{L-}i) and Ad{ip{L-}i)) that 
act, respectively, in the Lie algebras L-p and Ly, into irreducible representations in 
order to apply the Schur theorem to the common representations lOl llOllTTI . 

To that purpose, we must be able to write both L-p and Ly in subspaces that will 
be invariant under Ad{L-)-i) and Ad{ip{L-)-()). We begin with L-p. 

By ( I2.24> we shall have that L-p is an invariant space under Ad{L-}i) and by ( I2.35> 
we can write the following decomposition of L-p, 

Lv ^ Lj^/-H® Lc- (4.53) 
By ( I2.32> and considering that TC C JV we shall have that 

Ad{Ln)L^/-H C L^/-H, (4.54) 

and so will be an invariant subspace of L-p. Moreover, it will be a subspace over which 
only a trivial representation of Ad{Lu) acts. 

In order to find a decomposition of Lc we must first decompose the Lie algebra of 
Ti. into invariant subspaces under Ad{L-}-c). We shall have 

Ln^®^=oL'^l\ (4.55) 

getting, 

Ad{LH)Lp = [Lh.Lp] = e^^o[iw. Lv], (4.56) 

and so we find the following decomposition of the representation U-h of Ad{L-u) over 
L-p - we suppose that a basis as been chosen -, 

U-H^Ui^O {®^=iU:i^) , (4.57) 

with acting over [Lj^, L-p] and being the trivial representation. There can be 
that some of the representations will be equivalent to a fixed representation W-h of 
Ad{LH) Cni- We shall then have that W-h is contained in U-h- If {W^}s=i,- -,n is a 
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family of mutually inequivalent representations [/^ contained in U-h and if is the 
multiplicity of an arbitrary Wf^ in U-h, then we can write 

n 

Un = W!^(BY.msW^, (4.58) 

5=1 

with Wy_ = Uy^ . This will then induce the following decomposition of L-n (that is 
only an arrangement of the terms of the previous decomposition): 

LH = i?,©©Li^^> (4.59) 

with 

L'n = ®TALm, (4-60) 

where i^-* is the collection of subspaces of li. that are invariant under W^. 

Under this decomposition of the Lie algebra of W a similar one can be presented to 

Lc = ©Li^£> (4.61) 



with 



Lc = ®T=iLci- (4.62) 



The decomposition of L-p will then be 

Lv - Lj^/n ©Li [®T=i {Lc^)] , (4.63) 
corresponding a decomposition of the Ad{L'^) over it, 

n 

Ad{Ln) = ® (4.64) 

5=1 

with the trivial representation. 

We turn now to the decomposition of Ad{il}*{L-}i))Ly. 

Ad{r{LH))Ly = [r{Ln), Ly] (4.65) 

We make the first decomposition of Ly as 

Ly = r{Ln)®L'y. (4.66) 

We will then get 

Ad{r{Ln))Ly = [r{Ln),r{Ln)] © [r{Ln),L'y]. (4.67) 
Since V;* is a homomorphism of Lie algebras we have 

[r{Ln),r{L-H)] = r o [Ln,Ln] = r°Ad{Ln). (4.68) 
By further decompose Ly, 

L'y = (t>{Lr) © L'{„ (4.69) 
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and by noticing that 

[riLn). ^(Lv)] = 4> o [Lh, L-p] = cj)o AdiLn)Lv (4.70) 

we obtain 

Adir{Ln))Ly = ^* o Ad{Ln) ® o Ad{Ln)Lv ® i^]. (4.71) 
By writing 

L'^ = Lf®L'^\ (4.72) 

where Ly^ is the subspace of Ly where a trivial action of Ad^Lu) occurs, and decom- 
posing 

L^y^ = (/) o Ad{LH)Lv, (4.73) 
in the same manner as in ( I4.64t but without the trivial representation W^, 

n 

L^y^^Y.<^n, (4.74) 

(5=1 

we will get 

n 

Ad{r{Ln))Ly = Lf ® r{Ad{Ln))®Y,m'sW^ ® i^'^]. (4.75) 

5=1 

From the Schur theorem we can write as a sum over the different representations 
ofT^, 

= e (®Li0') , (4.76) 



with 



4P-Lu,n^W, (4.77) 
<p^:L^c — (4-78) 
Let us now define a family of basic interwining operators: 

We can then write 

1=1 k=l 



Since over L^^^ for A: = 1, • ■ • , m'^, it acts the same representation of Ti., 

/^=E4'/'''''' (4.81) 



k=l 
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will be transformed by Has a mj,,-multiplet within the representation . For each i5, 
there will be ms{ms + l)/2 multiplets, and so there will be a total of Nmuit multiplets 
of scalar fields, with Nmuit given by 

1 " 

Nmuit = - ^ms{ms + l). (4.82) 

5=1 

There will be also a singlet if L^/-^ is non-trivial. 

Case when Q/H is Symmetric 

When Q/H is symmetric, L-^ can be decomposed into 

Ln = L^n + L'H + Lj^, (4.83) 

with L^, 6 = 0,1, 2, simple subalgebras. We shall then have three distinct represen- 
tations of H, W^, and W'^. Those will induce the following decomposition of 

L-p ^ /-H ® L]. (B L^. (4.84) 
Without losing generality, we can take mg = 1, 6 = 1,2, having then for the multiplets 

= Y.ii(t>''\ (4.85) 

with (,f : ^ LyV- We shall then get Nmuit = 2 multiplets of scalar fields and 
possibly one singlet. 



4.4.3 Symmetry Breaking Analysis 

Case when Gey 

Let it be defined the mapping 

A: M X Lg — > Ly 
X\^{ A G Lh, (4.86) 

(^,A)^| ^(^)(A), if AeLp. 

We can then express the potential through A, by taking 

aabiz) = ^[A{z,X^),A{z,Xb)]y-^A{z,[X^,Xb\g). (4.87) 

Since the potential is the sum of non-negative internal products in y, it must always 
be non-negative and so if we take A to be an homeomorphism of Lie iilgebras by 
defining an appropriated 0, we shall have 

V{ct>) = 0, 
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with as a minimum of the potential. The group that leaves this minimum invariant 
will be the effective gauge group of the theory. Since it is the homomorphism A that 
defines this minimum, it shall be the group TZ that leaves invariant A. 
By taking L-jz to be the Lie algebra of that group TZ, we shall have 

Ln=CLyiHLg)), (4.88) 

with CLy the centraliser of the Lie algebra of Q in Ly. 

Moreover we shall have L-ji C Lc, with C the centraliser of V'(7i) in y. That is, 
there will be a spontaneous symmetry breaking of the reduced gauge group C to TZ. 

Case when Q /Ti. is symmetric 

When Q jTi is symmetric we have [L-p, Lp] c Lu and since Lq is simple, [Lp, Lp] = 
Lu- We shall further have that [Aa, \h\L-p — and 0([Aq, A^Jl^) = 0. Thus the only 



surviving terms in (I4.45> shall be 

^^"^ = \< V/([Aa,Afc]L„),^*([A",A^]i„) >iy, (4.89) 

^^'^0) = -\< \'i>(\a)A{\)\Ly.r{\\\AL^) >Ly, (4.90) 

V^^H^) = J < ma),^{Xb)]LyAHn,<l>{>^'')]Ly >Ly ■ (4.91) 



Moreover we will suppose that the basis {Aa} of L-p will be adapted to the decompo- 
sition of L-p. We can then proceed to the analysis of each of these terms. 

Since ^* : L-h Ly is an homomorphism of Lie algebras and the internal 
product of Ly is, by force, A(i(L;^;)-invariant, we can define an -invariant 
internal product on L-u by simply taking 

< ^n,yH >Ln^< ^*(Aw),^*(A^) >Ly ■ (4.92) 
We shall then have for V^°\ 

V^^^ = \< [Xa, Afc]L„, [A^ \%.^ >L„ . (4.93) 

Being a basis of L-p, {Aq} shall obey [Aq, Af,] = Aah, for some Aaf, € L-h. Then 

W°^ = J<A,b,A'^^>L„. (4.94) 

Since the norm on L-h is always positive, we shall have 

> 0. (4.95) 

Let us now proceed to the analysis of Aah considering the symmetric decomposition 
( I4.83> . Since [Aa, Ab] is non null only if Aa and Afc are in the same representation and 
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belong to the same space or L^^\ we shall have that Xab G -^^^ or Xat <= L^^K 
respectively. Since {Aa} is adapted, we shall have 



4 ^ 4 



(4.96) 



(2) 



where we have used the fact that l'^^ and are orthogonal. 
F^^^. Let us write in terms of the basic interwining operators t|: 

2 "I'fc 

= E E '^''^ - E <i>''^i = E '^^^A, (4.97) 

5=0 k=0 Sk A 

where we have taken A = {d,k) and niQ = 1. 

The second term in the potential will then be given by 

^^'^ =-^E'^'^'^^' < MXa),iA'{h)]Ly,r{\'"') >Ly, (4.98) 
AA' 

with A"'' = [A^jA^] e L-j-c- Since we have chosen the decomposition of Ly to be 
orthogonal with respect to < •, • >Ly, the above internal product will be null unless 

[iA(AQ),iA'(Afc)]Ly e tP*{L-h)- 

There must then be an element A^^ G L-j-^ such that 

r{Kb)^[^A{Xa),tA'{Xb)]Ly (4.99) 

We will then have 

< [iA{Xa),iA'{Xb)]Ly,r{X''') >Ly^< r{Kb),r{X'''') >Ly^< A^^A-^" >i„ . 

(4.100) 

We can now take, since [L-p, L-p] = Lji, 

Kb = [K,Kl (4.101) 

with the A^ connected to the A^ through a rotation: 

a; = RIX,. (4.102) 

So we get A^t = R^R^Xcd, having 

< X'ab^X'^'' >Ln = RlRb < -^cd, A°^ >L„ (4.103) 

This internal product will only be non-null if both Xd and A"'' belong to the same 
representation, which shall be L^' or From this we conclude that ( I4.99> is non 
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null only when A = A'. The sum will then be restricted to a sum over the identical 
representations, which implies that (since {Ao} is adapted): 

2 

<X',i„X''^>Ln=SAA'Y^ J2 KRb<>^cd,Xab>Ln, (4-104) 



that is, 
with 



< A^b, A"*" >Ln= c{R)6aa', (4.105) 



<^) = J2 J2 KRi<^cd,Kb>Ln- (4.106) 

The second term of the potential has then the form 

y(2)(</,) = _ic||<^||2, (4.107) 

with 

= E('^^)'- (4.108) 



\2__ 

A 



V^'^\ As before, let us write 



2 m,j 



E E ^''4 = E ^''4 = E <^^^A. (4.109) 



5=0 fe=0 5fe 

We get for the fourth term in the scalar potential 



V^'\(t^) = \ E "/-^^^V^'V^"' < [^A{Xa),tA'{Xb)]Ly, [tA"(A"),.A"'(A^)]L 
AA'A"A"' 

(4.110) 

As before, the commutators in the internal product are non null only when they act 
over the same representation: 

V^*H<P) = JE('^^)'('^''')' < [^A(A.),iA(A,)]i^,[.A'(A'^),^A'(A'')]i^ >Ly ■ 
AA' 

(4.111) 

There will be then two elements, Xab, A^^ G Lu such that 

r{Xa.b) = ^A(A„),tA(A5)]L3,, (4.112) 

and 

riX'ab) = [iA'iXa),tA'{Xb)]Ly. (4.113) 

We shall then have, with identical definitions as in the previous paragraph, 

V^'^i^) = i E('^^)'(<^^')'«' < ^c-^'^"' • (4.114) 

AA' 
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By the same line of thought, we get 



FW(</>) = ic(i?') (4.115) 



with c given by J4.106t and 



= ^4.116) 



|4_ 

A 



V. The potential is then given by 



= \ciR') r -ic(i?) II f +ic(5). (4.117) 



By taking v = c{R)/c{R') and 



c{5) _ 4/3 



c(i?') c(i?')' 
we can write the scalar potential in its final form, 

V{4,)^\c{R'){\\(t>f -vf (4.118) 

By applying the methods of the first sections of this chapter to this potential, one 
imediatly finds out that this potential conduces to a spontaneous symmetry breaking of 
the gauge group C{y). 

Some examples for the explicit determination of the scalar potential can be found 
inl84landinfT8l. 



4.5 Spontaneous Compactification 

In the third chapter was presented a dimensional reduction scheme of a multidimen- 
sional universe that naturally follows from the fibre bundle structure that the last pos- 
sesses. One of the questions that may be asked is whether such structure should be 
given a priori, or rather should result from some dynamical mechanism. 

As presented in the literature 1451 WI\ 1181 . such dynamical mechanism can be 
achieved only thought the introduction of matter fields in an Einstein multidimensional 
universe since Einstein equations in the absence of matter fields terms can not lead to a 
manifold whose structure would be a fibre bundle with a non-Abelian symmetry group. 

The standard procedure is to add Yang-Mills fields in the Hilbert-Einstein action 
I45ll92ll . This represents an apparently withdraw in the Kaluza-Klein unification idea 
but with the advent of supergravity theories in multidimensional universes 1461 1471 . 
such procedure becomes inherent to the need that the action be supersymmetric. 
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4.5.1 Compactification of an Homogeneous Space 

Let us consider a m-dimensional Riemannian manifold {A4 , 7) over which is defined 
a principal fibre bundle T{Ai,y,p, ^t). A local infinitesimal connection form defined 
on !F{A4 , y) will be considered, as usually, as an Yang-Mills field A over Ai whose 
gauge symmetry group will be y. The local curvature of the infinitesimal connection 
form will be, aside a factor of 2, the Yang-Mills field strength, F. 

The action will be given as the sum of two terms: the Hilbert-Einstein action with 
a cosmological term. She, and the Yang-Mills action, Sym, 

S = She + Sym. (4.119) 

The two will be given by 

Seh= I drz^^{R~2K„,), (4.120) 



J M 2'*^ 

Sym = ^<F,F>m, (4.121) 

where R is the scalar of curvature of A^, A,„ the cosmological constant in m-dimensions 
and 

^y=^-4'-^4'+^;&)4^4^ (4.122) 

is the Yang-Mills field strength of the Yang-Mills field a'"!^\ and where are the 
structure constants of the fc-dimensional gauge symmetry group y^. 
From ( I4.119> the following equations can be deduced: 

R&p - \lc.pR + 7^4^™ = (4.123) 
y^F-^Ki^ + d^^, A(b)p&P{£} ^ 0, (4.124) 

(fc)(c) 

where 

is the Yang-Mills stress-energy tensor. 

We seek a solution of the previous equations in which Ai adopts a fibre bundle 
structure M {Vn, G /H, tt, $), with Vn as base space and a d-dimensional homoge- 
neous space G I'M. that is C/-symmetric as the internal space, such that d = m — n < k, 
the structure group G being a subgroup of the gauge field group 3^: 

Gey. 

We suppose that the Lie algebra of the gauge group y is reductive, 

Ly^Lg(BLx, (4.126) 

^In this section, in order to distinguish between indices of the gauge group y and those of the internal 
space we write the firsts between brackets. 
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being X the orthogonal complement of Q on 3^. 

Let us choose an adapted orthonormal base of Ly, {Ajaj} = {A(a), ^(b,)}^ such that 
{A(a)} is a base of the Lie algebra of G and {A(a)} a base of Lj, and let us write the 
Yang-Mills field in that base. 

In order to solve the equations (14. 12314. 124> we give the following ansatz: 

1 . The metric on A4 is reductive 

7 = S©C, (4.127) 

where g is the metric on the base space Vn such that the base space presents a 
null curvature Rap and ^ is an Cy-invariant metric of the internal space Q /Ti.; 

2. The gauge potential is orthogonal to T, 

Aa = A(a) G Lg, (4.128) 

that is, Af^ = 0. 

3. The gauge potential A^'^^ vanishes on Vn, 

A(f)=0, (a = 0,---,n-l); (4.129) 

4. The gauge potential does not depend on the coordinate system over Vn^, 

A'i^=Af\x'), (&-n,-.-,m-l); (4.130) 

5. The gauge potential is (J-symmetric on Q/H. 
With such ansatz the motion equations become 

- ^9al3R + gapKn = (4.131) 
Rab - + CabA™ = K^Tab, (4.132) 

y^pabia) ^ A'j'^F'''''-^^ = 0, (4.133) 



where 



Tcp = T-i5a/3i^i:V(f), (4.134) 



^"f" = ^^ac^^bia) - ■J^^'^bF^fF^ll;-^, (4.135) 
and Rl- From j4.131> we get 



'here we use latin indices to indicate internal space components; y gauge group components are denoted 
by latin indices with an hat. 
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and by inserting this result in (I4.132> we have 



^2 



4k' 

Finally we can rewrite (I4.136> as 

^2 

2 ^ ^ b(a) 



Rab^--F^aVF^(a), (4-136) 

Am = -^R- (4.137) 



Rab^-'^F^^F^r,., (4.138) 



.9^ 

since the components of F lying on I are all null. 

The fifth condition of our ansatz, in which the Yang-Mills is ^-symmetric, wasn't 
yet used. To do it let us consider the following Lie algebra reduction 

Lg^Ln®L-p (4.139) 

an let it be defined an adapted orthonormal base {Aa} = {Aq, Aa} on Lg, with {Aq} 
and {Aa} orthonormated bases of L-j-c and L-p, respectively. The elements of this base 
will generate a set of (left or right) fundamental vector fields over Q: 

Ofa = jy^'9)\t=o, (4.140) 

~^ga = ^(5e*^^)|t=o. (4.141) 

These fields can be projected on Q jJi, conducing to fundamental fields on this space, 

da^Ptj'", (4.142) 
da ^P'iad''''- (4.143) 

As fundamental fields they will be ^-symmetric vectors on Q /H and will constitute a 
base in the tangent vector space at any point of that space, and so every vector field on 
Q /H can be written as a linear combination of these fundamental fields. In special a 
C/-symmetric vector field will be written as a linear combination on these fields with 
coefficients that are -invariants, i.e., for a C/-symmetric vector field v we have 

V - (4.144) 
= (4.145) 

for every g ^ Q and we have neglected the left-right nature of the field. We can then 
write, for the Yang-Mills field, 

A = A('i)A(5) = A('i)«A(5)^a, (4.146) 

and since it is CJ-symmetric, 

= A*'^'''. (4.147) 
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We now proceed to the construction of an ^-invariant metric ^ on Q /Ti, 0. By 
taking its inverse we can write it in the base {6a ^ Ob}- 

r'-r'^a®^6- (4.148) 

The condition that the metric be t^-symmetric is then 

M5)cM5)dr' = r'- (4.149) 

We will consider that the group Q is simple. Then once an tj-invariant metric is 
given all the other bi-invariant metrics will be proportional to that, i.e., if is such a 
metric we can write all the others as ^ = p^^o of real p. A special choice is to make 

= S'''', that is, 

io^^Y.^-®^- (4.150) 

a 

In a local coordinate system we should then have 

Q'^T.^a&:db®d,. (4.151) 

a 

where 6,, = 6%. 

We can now add the following conditions to our ansatz: 

6. The gauge field is orthogonal to H, 



^"'^(a) =4°^A(,) eip, (4.152) 



that is, = 0. 



7. We finally take 

A^-^=fi9^a), (4.153) 

i.e., A = ^Y.a '^a<^ Oa- 

Then we can write every -invariant metric of ^/7i as 

= V ^^"^ (4.154) 

^ (a) 

for p, e 7^. 

Writing A in a local coordinate system, 

A = ^lJ2^ia)ka)^^b, (4.155) 

(a) 

we can rewrite J4.154t in terms of components in such local coordinate system as 

^bc ^ IL^y^ j^Ha)j^c{a)^ (4.156) 
(a) 
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We have written our solution in terms of three constants: p, p, and A„i. We must 
now introduce this results in the equations obtained in order to find specific values for 
the three. If we achieve to do so, spontaneous compactification has taken place. 

We start by calculating the Ricci tensor of ( I4.138> by using its proper definition, 
amce 

^(a) 

are, for (a) = 1, • • • , d, covariant vectors on Q /H, the Riemann tensor is 

defined by 

[V,, V,]^'^) = -RlAi'"'' - SL^eAl,^^. (4.157) 
Being the geometry riemannian, the torsion tensor will be null, S^^ — 0, and so. 

By summing over b = d,we get 

VcV^4''^ - V'Vc^i"^ = RcAi^l (4.159) 

We have then to determine the covariant derivative of the Yang-Mills vector field 
in the ansatz that we are using. Since we have written A in terms of the fundamental 
fields 6, the first must obey the following commutation rules (cf. eq. (12. 8» . 

1 [^(a)^^W]^i^(a)W^(c)^ (4.160) 

and so, by writing A^"-^ in a local coordinate system, we have 

^d(a)^^^e(6) _ ^^(^^^^^^(a) ^ C") ^e(c) _ (4.161) 

Since the first term is antisymmetric we can replace dd by its covariant partner, Vd, 

^<i(a)y^^e(6) _ ^d(b)y^^e(a) ^ ^(7 g (&) ^e(c) ^ (4.162) 

We can now lower the space-like indices of A'^'^''^ and A'^^°-'> by using metric S^*^^, 
and by considering that its covariant derivative is null. 

Multiplying and summing by £,ek we get 

A'^('^)Vd4'') - A'"^'^^dAf'> = ^iC[f^^''^Af. 

By noticing that the fundamental vector fields 9a are Killing vector fields on Q/H, 
obeying the Killing equation, 

Vb^c a + Vc^b a - 0, (4.163) 

we shall have that the Yang-Mills vector field components on L-p will also be Killing 
vectors: 

Vb^"^ + Vc^"' = 0, (4.164) 



4.5. SPONTANEOUS COMPACTIFICATION 



89 



for (a) — 1, ■ ■ ■ ,d, and so we can take 

Multiplying and summing both members by Agj-^), 

and using (I4.156> in the second term of the first member, we find 

The first term inside the brackets is, up to a factor, the covariant derivative of the metric 
£,ed, and so it is null. By defining 



we have 



I.e., 



-c, 



(a)(b) 



/^e(a), 



A* 

where we have used ;^(")('') = ^(b)(<^). Since = ''^(cj' shall have 

We now make use of the following relations, 

v,4") = 0, 

derived from ( I4.164t . The Ricci tensor is given by 



and so 



By taking the divergence of ( I4.167t we have 



(4.165) 



(4.166) 



(4.167) 



(4.168) 
(4.169) 



(4.170) 



(4.171) 
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and using again (I4.167> . 



y2^(a) ^ P^^(6)(<i) 



tf<md)^ , a(c) Ae(g) aU) ( Ad) _ 1 f c(a) _ 1 (a)\ 

2 '-•(c) '-(e)(/)(s)^e ^ ^/ [''(e) 2^('^)M (^) 2^(''V' 



I.e., 



V72 _ „2^(b)(<i)^ (g)Af)fAd) ^Jd)\fAa) l^(a)' 



Performing all the calculations, we get 

„4 



or by defining, following II92I . 

A'(a)(fc) = C'(a)(c)(d)C(^f,j"'X(/), 

the Ricci tensor will be given by 



■,(c)(f)(d) 



ab 



4" ■ 2/^2- 

The Yang-Mills strength tensor non null components can be written as 

and using (I4.164> . 

From (I4.167> . we have 

p(a) _ A , V\ ^(a) 4(6) 4(c) P^^(6) A{c)A(d)(a) 
Fab - [^+—)'^mc)A'a'A - -C(^)(,)A^M, 

and after some straightforward calculations. 
The Einstein equations are then 



(4.172) 



(4.173) 



(4.174) 



(4.175) 



(4.176) 



(4.177) 



^ab+^^Aa (a) {b) - i^ab [^■3 J + ^ \^-^ j Aa A^ A (<j 



I.e., 



r VP 



,4 1 



2/x2 



52 \^ p2 



U = 0. 
(4.178) 



4.5. SPONTANEOUS COMPACTIFICATION 



91 



The Yang-Mills equations, after some tedious calculations, assume the form 



1 



a. 

p2 



0. 



The cosmological constant will be given by 

A™ 



1 r^a^^P'd 



,X (a)(6) • 



(4.179) 



(4.180) 



Presented this three sets of equations, one must now take a convenient choice of the 
parameters (/i, p, Am) that obey them. In order to such solution to be possible one must 
have k92J 

for real c. The equations will then be. 



>2 



5^ 



1-4 

p2 



3-4 

p 

i + 4ic-. 



TP -0 



8k2 1^2 ^2 





(4.181) 


0, 


(4.182) 


0, 


(4.183) 


)- 


(4.184) 



Two solutions are then easily found, 

1. When /i = p^, we will have a solution with 



A. 



d 
8^ 



o2 C - ^ 
n = J—- 2. 

^ 2k2 2 - c 

„2 2 



42-c 



The dependence of A,„ with p2 jg given by 



A™(p2) 



3d 

lfe2 



8k2 ■ 



with 



c{p') = 



^P' + l^ 



(4.185) 
(4.186) 

(4.187) 
(4.188) 



2. When 1 + = j-, the Yang-Mills equation is satisfied and we shall have from 



2c' 

the Einstein equation. 



1 



^2 f 3 



-1) (^+^-1) 



The cosmological constant will be given by 

dc fa' ^ ' 



1- 



8^2 



k2 1 



(4.189) 



(4.190) 
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It remains to verify if such solutions are consistent with the fact that the internal 
space is an homogeneous space, i.e., we must be able to solve ( I4.181> for a general 
homogeneous space. We can simplify K'jj^^ to 

(4.191) 

and so the condition ( I4.181> can be restated as 

C(")(=)('^)C(,) = (1 - c)5g. (4.192) 

There are two special cases for which this is verified: the one in which the internal 
space is a Lie group, and that in which is a symmetric homogeneous space. 
In the first case, we shall have H ~ e, having then c — 1. We get. 



and 

1 /2.g2 



(4.193) 



A™ = ^H^-1)- (4.194) 



In the second case, we have (cf. 9921 ) 

C(")(^)('^)qb)(.)(rf)-i<5g, (4.195) 



and so c = i. 



and 



3^2' 



(4.196) 



A,„ = -— ^(.g2 + l). (4.197) 

A fibre bundle structure can then be dynamical achieved by the introduction of 
Yang-Mills-type fields terms in an action of Hilbert-Einstein type defined over a mani- 
fold without such type of structure. 



Chapter 5 

MODEL BUILDING 



The construction of realistic models within the Kaluza-Klein frame is analysed and its 
principal problems discussed. In particular, the chiral and the hierarchy problems are 
examined and some solutions presented. From the construction of an effective field 
theory from the M-theory, the Randall-Sundrum model can be obtained, solving the 
hierarchy problem. 

5.1 Model Building 

5.1.1 The Symmetry Breaking Scheme 

In chapter 3 we have presented the dimensional reduction process by which a fibre 
bundle !F{Ai , F, 3^, p, ^f) defined over a multidimensional universe Ai that has also a 
fibre bundle structure, Ai{Vn, M, Q, w, <&), with a homogeneous space M — Q /Ti as 
internal space, can be reduced to a lower dimensional fibre bundle JF''(M, F,C,p^, ^''") 
defined over a manifold M c M, representative of our observed universe and that does 
not possess a particular structure. 

We have firstly reduced the fibre bundle of linear frames E(A4 ) to that of adapted 
frames E(Ai). This can then be reduced to the fibre bundle of orthonormal frames 
E{Ai) over A4 times a principal fibre bundle W{Ai,Af{'H) /Ti) with a structure group 
Af Physically this means that an Hilbert-Einstein action defined over a multi- 

dimensional universe that possesses a fibre bundle structure will conduce to an Hilbert- 
Einstein- Yang-Mills action defined over the observed universe, being the gauge group 
of the Yang-Mills field, M{H) /H. This action will also contain several scalar fields 
that can, in special conditions, break spontaneously this gauge group, conducing to the 
well known effect of generation of masses for the gauge field. 

We have secondly analysed the reduction process for a generic principal fibre bun- 
dle T{J^, y) defined over a multidimensional universe Ai{Vm G/Ti, G) when a H- 
invariant section a : Vn ^ M is given - and so Af/H will be trivial. In this case 
the reduced principal fibre bundle will be of the form J^^{M,C), with M. = cr(V^) 
and C the centraliser of the W-action in y through a mapping -tjj. If an infinitesimal 
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connection form lu is defined over T, we shall have that over there will also be de- 
fined an infinitesimal connection form u;^ together with a scalar field If one writes 
the action of ui over this will be reduced to an action over Ai that will contain an 
Yang-Mills term, being the gauge group C, a scalar field kinetic term and a scalar field 
potential This scalar potential will lead, in general, to a spontaneous symmetry 

breaking of the gauge group C (cf. chapter 4). We have derived its explicit form for 
the case when the internal space is a symmetric space. An extension of this analysis of 
symmetry breaking by dimensional reduction to the supersymmetric case was given in 
(54||95l[96|. 

Thirdly, we have reduced ^-invariant matter fields over M {Vn ,0/^,0), and fourthly 
we have performed a more general type of dimensional reduction by reducing matter 
fields with no such symmetry requirement. For that purpose we have made a Fourier 
decomposition of the matter fields into CJ-invariant components that could then be re- 
duced by the methods presented before. 

There will then occur, in general, two types of symmetry breaking in non-Abelian 
Kaluza-Klein theories: a geometric symmetry breaking during the dimensional reduc- 
tion process and a spontaneous symmetry breaking resulting from that dimensional 
reduction. 

These two types of symmetry breaking can be usefully used in the construction of 
reahstic models. One could consider, for instance, a large gauge group y D SU{'i) x 
SU{2) X U{\) such that by geometric symmetry breaking could be reduced to C = 
SU (3) X SU (2) X U{1), and then to break it by the common spontaneous symmetry 
breaking process toU. — SU (3) x [/(I), being this induced by the scalar field resulting 
from the previous dimensional reduction. This however can't be done - at least for 
the conventional Kaluza-Klein theories - for fermion type fields (this problem will be 
presented later on). Another problem is that we are forcing all matter fields in the 
theory to be symmetric, and there is no reason a priori to do so. 

If we do not retain the symmetry necessity of the matter fields, then we should write 
all fields in the theory in terms of their Fourier symmetric components. This however 
will inevitably conduce to a tower of symmetric fields with increasing masses. Since 
such massive fields are not currently observed and considering the resolution of the 
present detectors we have to impose a very small volume for the internal space of the 
multidimensional universe of the constructed model. The stability of such small space 
should then be analysed. There are various types of stabilisation mechanisms but we 
will only make a short remark of one induced at a quantum level. 

5.1.2 The Spontaneous Compactification 

A difficulty that could be risen is why should the multidimensional universe of our 
theory have a fibre bundle structure? To bypass this difficulty one should find such 
structure as a ground state of a more general model. One could then consider small 
disturbances around this state and then to expand all fields of the theory in its Fourier 
components, integrating next over the internal space of such ground state. The result 
would be, as before a tower of states with increasing masses. 

With the spontaneous compactification process presented in the last chapter we 
could achieve the desired fibre bundle structure with the wished internal space for the 
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multidimensional universe of the model. No need is then to consider a priori such 
structure since that can be obtained by such dynamical mechanism. 

5.1.3 Quantum Kaluza-Klein Theories 

Through this work, only classical aspects (together with some generic quantum aspects 
such as spontaneous symmetry breaking processes) were considered. There is however 
a vasty literature available on the quantisation of Kaluza-Klein theories (in special, for 
the abelian ones). Here we make only special reference to the article 1251 where a 
justification for the small volume of the internal space of a Kaluza-Klein type model 
was presented by extending the known Casimir effect to the gravitation field. At a 
quantum level, due to the compact nature of the internal space there will be a Casimir 
force that will decrease the volume of that space. In |25| that analysis was only done 
for the abelian Kaluza-Klein type models, but it is to suppose that a similar behaviour 
will be found for the non-abelian ones. 

5.2 The Chiral Problem 
5.2.1 The Non-Go Witten Theorem 

One of the main features of the SM and of SM type-like extensions is the existence of a 
left-right fermion asymmetry in the base space V4, asymmetry that is derived from the 
V-A behaviour of the electroweak fermion currents. In this sense, at Weinberg-Salam 
energies (~ 300 GeV), left-handed fermions transform differently from right-handed 
ones under the gauge symmetry group SU{3) x SU (2) xU{l). This imediatly conduces 
to the severe constrain, due to gauge invariance, that fermions should be massless, 
acquiring mass only through a spontaneously symmetry breaking of the electroweak 
symmetry gauge group SU{2) x U{1). This is usually done by introducing a scalar 
field in the theory (that is a doublet under SU (2)) that will present a non null vacuum 
expectation value (VEV), and that its redefinition will, through the Higgs mechanism, 
break the SU{2) x C/(l), then producing fermionic masses. Such type of symmetry 
breaking process can only produce masses that are close to the mass scale at which 
SU{2) X C/(l) is broken (mEw 10^ GeV), and thus the relative Ught mass of 
fermions can by this way be explained. 

Through the Kaluza-Klein scheme one can naturally identify a gauge field as a local 
infinitesimal connection form on a higher dimensional universe that presents a principal 
fibre bundle structure (or a fibre bundle structure with an associated principal fibre bun- 
dle on which the infinitesimal connection is defined). Gauge and internal symmetries 
are then considered as external symmetries (in a geometric sense). The construction of 
a realistic Kaluza-Klein theory 11201 would then involve a differentiable fibre bundle 
A^(V4, C//7i, t/, TT, $) whose internal space could be made an homogeneous space - 
due to economical reason, cf. 1 120 1 - on which the action of an non-abelian group Q, 
such that 

su{3) X su{2) X u{i) c g, 

should be given. 
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Fermions should then be introduced a posteriori as sections of an spinor bundle, 
E^{M), defined over A^. And at this point we are faced with a first problem: fermions 
should be massless in the reduced universe, V4. The difficulty is obvious: if we start 
with a fermionic field (that is an scalar under general coordinate transformations) in 
A4 that obeys the massless Dirac equation on A4: 

^V' = /Y^V' = 0, (5.1) 

and if we choose a local coordinate system atzGAi such that the first four coordinates 
are a local coordinate system of V4 and the remaining a local coordinate system of the 
internal space at z, then the previous equation assumes the form 

m = 1^%^ + fVfcV' = 0, (5.2) 

where, as in the previous chapters, the greek letters refer to the reduced space and 
the latin ones to the internal space. We then see that the two terms appearing in this 
equation are, respectively, the Dirac operators of the fermionic field in the reduced and 
the internal space, and so 

^W^+^(™*)V, = 0, (5.3) 

with an obvious notation, and we imediatly see that the eigenvalue of the internal Dirac 
operator became the observed mass in the reduced space. 

A spectral analysis of the Dirac operator over the internal space shall then be done. 
Since in all Kaluza-Klein type theories the internal space is compact, the spectrum of 

/) is discrete. Its non-null eigenvalues will correspond to massive fermions on V4, 
and since as usually one takes the internal space volume to be of the order of the Planck 
mass, these eigenvalues will give extremely huge masses, and so such fermions, if to 

exist, are far from being observed by current detectors. The zero modes of will 
give origin to massless fermions on V4, those belonging to the SM. 

Two pertinent questions can then be made: does the Dirac operator have zero modes 
for some specific internal space? And if it do so can the eigenvectors of such zero 
modes possess two different representations of the gauge group SU{?>) x SU (2) x U{\) 
- a left and a right-handed one? 

An answer to the first question was first given for a special situation by Palla 11081 
and a general treatment for positive curved internal spaces was first presented by Lich- 
nerowicz 1901 . 

Chapline, Manton, Slansky and Witten l38l l39l l97l [T20[ were the first to discuss 
the problem of obtaining a complex spectrum in Kaluza-Klein theories and Witten 
^1 1 gave its final answer: no such complex spectrum can be achieved in a multidi- 
mensional universe with a compact oriented differentiable manifold without boundary 
as internal space. Several solutions were proposed 1 12()l ll2ll lll9l to solve the chi- 
ral problem, namely by abandoning the assumption that the internal space is compact 
without boundary 11211 II 19l or by modifying the riemannian geometry |119|. An- 
other solution, proposed by Randjbar-Daemi, Salam and Strathdee 1 1 1 1 1, would be to 
consider additional gauge fields to the theory, as needed in non-Abelian Kaluza-Klein 
theories to induce a spontaneous compactification, considering that the compactifica- 
tion involves a topologically non-trivial configuration of such gauge fields. A similar 
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exposition but with large extra dimensions was given in 1541 . Another solution for 
the chiral problem was provided by Hosotani in f781, by observing that the Casimir 
effect can induce, under certain circumstances, the spontaneous breakdown of gauge 
symmetries with the desired chiral asymmetry. 



The Atiyah-Hirzebruch-Witten Theorem By defining the chai-acter-value index of 
the Dirac operator as the number of zero modes of that operator, we can present the 
two theorems deduced by Witten in fl211 : 

Atiyah-Hirzebruch Theorem. The character-valued index of the Dirac operator 
vanishes on any manifold with a continuous symmetry group. 

Atiyah-Hirzebruch-Witten Theorem. The character-valued index of the Rarita- 
Schwinger operator vanish on any homogeneous space. 

These two non-go theorems represent a serious obstacle on the construction of 
realistic Kaluza-Klein theories. 



5.2.2 The Wetterich Procedure 



The Wetterich evasion procedure II 191 of the non-go Witten theorem consists in per- 
form modifications of the conditions to which the theorem applies. The first procedure 
presented by Wetterich 1 119|, and Witten first suggested 1 121 1, is to abandon the as- 
sumption that the internal space is compact without boundary; the second, more radical 
procedure, is to modify the riemannian geometry of the total space. In this procedure 
one replaces the usual riemannian geometry constrains 

7a/3 = e^e^^, (5.4) 
V&e^i^ = 0, (5.5) 

Sf^ = 0, (5.6) 

by the following generalised gravity conditions 

7a;3 ^eie^g-fc^^, (5.7) 
Voe^g = U^^~„ (5.8) 

Si- + 0. (5.9) 

These modifications must be so that in the base space y„, one has a ground state char- 
acterised by 

(5.10) 
(5.11) 
(5.12) 

In this way we have modified the geometry of the multidimensional universe but one 
must get the usual riemannian geometry in the four-dimensional universe up to correc- 
tions of the order of the Planck mass. Wetterich has shown that within such generalisa- 
tion of the Riemann geometry it is possible to construct realistic models - models that 
would include both bosonic as fermionic massless particles. 





= 0, 




= 0, 


QCt 

-3/37 


= 0. 
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5.3 The Hierarchy Problem 

5.3.1 The Introduction of Extra-Dimensions 

The existence of two apparently fundamental energy scales in nature - the electroweak 
and the Planck scale - has been subject to a detailed study in last past years. Explaining 
how can a occur at a so low level ( ~ 10^^^) a symmetry breaking, triggered 
by an elementary scalar, and be perturbatively stable, has been one of the reasons to 
the construction of theories beyond the SM. Such hierarchy stability could only, up 
to recent years, be explained by the introduction of techni-color or low-energy super- 
symmetry, when a new hypothesis concerning the structure of the space-time itself was 
presented 1261 and that could solve the hierarchy problem in a simpler way - by the 
introduction of a Kaluza-Klein type universe with a small variant: only the gravity can 
propagate into the internal space. 

By the introduction of extra, compact dimensions, the weak strength of gravity at 
the electroweak scale could be explained. If, for simplicity we take such internal space 
to be a d-dimensional sphere of radius a, two test masses toi and m2 would feel a type 
like Gauss potential that would be given by 

'"■Plii+d) 

where TOp;(4+£;) dictates the Planck scale of this multidimensional universe. 

In order to explain why experimentally one obtains a gravitational potential pro- 
portional to r^^, one must take r >> R, 



nr) = ^,^,^, (5.14) 

m 7?" r 



where the Planck scale of our universe should be TOp^ = m'p^?^^^^R'^. Since R is, at 
this stage arbitrary, we can take mp;(4^rf) to be of the order of the electroweak scale, 
mEw- In fact, we can take mpn4^^^-^ = mEw^ thus resolving the hierarchy problem 
by taking the electroweak scale to be the only fundamental energy scale L26..27. .30] . 
We must then have for R 1261 . 

/I TpV\ 1+2/" 

i?«103o/"-iWx ii^ . (5.15) 

\mEW J 

The case n = 1 is excluded by the experience. All the other cases, ?i > 2 are possible. 
The case n ~ 2, with 

R K, 100/im — 1mm, 

is the more interesting one because in a very near future it can be subjected to experi- 
ence, since deviations from the Newtonian gravity will occur at distances of only one 
millimetre. 

The apparent weakness of gravity is then explained by the propagation of the gravi- 
ton in the bulk when the SM particles are localised in our 4-dimensional world. In 1261 
a model was proposed for the trapping of the SM fields by considering a 6-dimensional 
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theory with a weak scale vortex, being the SM fields localised within its throat. Ear- 
lier models for trapping SM particles on a domain wall in Kaluza-Klein theories were 
presented in yj, 2 113|. 

Another problem of this framework is to explain the large size of the extra dimen- 
sions 1301 1271 l28l . A study of the effects of possible flavour-violating in this model 
were already presented 1291 1 3 3 1 and a study of the Kaluza-Klein states originated from 
such large sized extra dimensions can be found in 1711 . 

5.3.2 The Membrane Solution: Randall-Sundrum Scheme 

The factorisation of the universe in a 4-dimensional manifold and a very large compact 
internal space has some unanswered questions, as, for instance, the reason of such large 
size of the extra-dimensions. For this reason a simpler model was presented 11051 . in 
which only one small sized extra-dimension was considered. An extension of this 
model to a non-compact extra-dimension was given in 1. 106 J . 

These type of models - called after the work of 11051 as Randall-Sundrum models 
- will be analysed in the next chapter. 

5.4 Kaluza-Klein, Supergravity, Superstrings, M-theory 
and Randall-Sundrum 

With the advent of supersymmetry (5l||70| and of supergravity |57l|58l|59l|49l|93|, flie 
unifying purpose of non-Abelian Kaluza-Klein theories has assumed a secondary role, 
mainly due to all its problems (cf. previous sections). Only after the introduction of 
supergravity in multidimensional universes 1461 1471 l60ll the Kaluza-Klein dimensional 
reduction techniques have been used directly in the construction of grand unifying 
theories (GUT's). Spontaneous compactification assumes then a decisive role in this 
type theories 1601 1531 . and the Kaluza-Klein type-like dimensional reduction process 
becomes the standard procedure in the construction of effective field theories from 
multidimensional supergravity theories. 

Parallel to development of supergravity theories, the superstrings theories have 
made enormous advances, arriving to a point in which multidimensional supergrav- 
ity could be derived from it, being in this way more general than supergravity itself. 

There are five types of consistent supersymmetric string theories, all defined in a 
10-dimensional space: type I (0(32)), heterotic (0(32)), heterotic (Eg x Eg), type 
II A and type IIB. The type I superstring theory contains the open strings and all the 
other types contain only close strings. Being different, these five types of superstring 
theories become equivalent if we reduce the dimension of the multidimensional uni- 
verse. For instance, by compactifying one dimension on a circle we can connect the 
two heterotic theories as well as the two type-II theories. The strong coupling limit 
of the six-dimensional toroidally compactified heterotic string is given by the type IIA 
theory compactified on K3 and vice-versa, and the strong coupling limit of the 0(32) 
heterotic string theory is the type I theory and vice-versa, thus demonstrating the equiv- 
alence between all the superstrings theories. 
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In recent years I122lll23lll24ll76ll77lll251 . a more general 1 1 -dimensional theory 
as been developed: the M-theory. It has been shown I76II77I that both heterotic Eg x Eg 
and type IIA superstring theories can be derived from this theory by compactifying it 
over the orbifold TZ^^ x S^/Z2 and the bundle TZ^" x S^, respectively. M-theory is the 
most general physical theory constructed so far and it is under an intense investigation. 

One particular theme under investigation in M-theory is the determination of alter- 
native effective theories |91 1. These effective theories are constructed by performing 
a generalised Kaluza-Klein dimensional reduction process from eleven down to five 
dimensions. Only after this reduction to a 5-dimensional theory a final dimensional re- 
duction from five to four dimensions is performed - this being rather different than that 
previously used, i.e., Kaluza-Klein type-like. The main reason for such intermediate 
state of a 5-dimensional theory is that the scale of the fifth dimension is larger than that 
of the Calabi-Yau manifold |91 1. The more interesting aspect of these effective theo- 
ries is that the 5-dimensional theory is a = 1 supergravity theory defined over a 5- 
dimensional orbifold with four-dimensional boundaries. The Randall-Sundrum model 
has its roots in such dimensional reduction process of the M-theory', having the con- 
veniently property of solving the hierarchy problem. It is not with a lack of humour 
that the Randall-Sundrum model is recovered from a Kaluza-Klein-type dimensional 
reduction process from an eleven-dimensional theory, after its compactification on a 
manifold (orbifold) with a fibre bundle structure. 



in fact the Randall-Sundrum solution is a simply case of the solution obtained in 1911 . 



Chapter 6 

RANDALL-SUNDRUM 
THEORIES 

The Randall-Sundrum model is presented and its principal properties analysed. Some 
generalizations are given and the stability of the hierarchy discussed. 

6.1 The Formalism 
6.1.1 Basic Definitions 

The Randall-Sundrum geometric set is the following': let us consider a m-dimensional 
manifold {Ai , 7) with no special structure a priori (such as a fibre bundle structure, for 
instance) but that contains a b number of riemannian manifolds {(P^f^ , gi)}i=i,- -,b of 
lower dimension nj < m called branes. A point over A4 will be denoted by z and a 
point over the brane V,(j will be denoted by . The bulk coordinates describing the 
position occupied by a point of V^l^ will be dynamical fields and will be denoted 
by {x-'). In general, one identifies such submanifolds with boundaries of the initial 
manifold. 

Induced Metrics on the Branes 

Since we describe the motion of a brane V^^ by the coordinates in A^, an induced 
metric on the brane can be found from the metric of the total space A4 . Let us consider 
two points and x^ + dx^ on V^^ . A distance can be introduced between these points 
using the bulk metric 7, 

ds] = l^-p{z'{x'))dzfdz^j = -f^-^{z\x))dc.zf{x')dx'idpz^j{x')dx'^j, (6.1) 
and from this an induced metric on the brane can be obtained, 

9ip^le.pi'^')do.zfdpzl (6.2) 

' Here we take a generalisation of tlie models proposed in I109II1 10lll05l 
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6.1.2 Matter Fields 

Within the Randall-Sundrum model matter fields are located in a particular brane, being 
only gravity (for most the models) the one allowed to propagate in the bulk. This is 
the main feature of the Randall-Sundrum model since it solves the hierarchy problem 
(cf. chapter 5). We will then consider a matter field configuration as a section of a fibre 
bundle J-i{Vn, , F, y) defined over a brane Vnj C A4. 

Dynamical Localisation. The idea of localisation of matter fields into submanifolds 
of a multidimensional universe traces back to 111 121 II 13 l. where a multidimensional 
universe of the form Ai = x TZ was considered. Matter fields of the scalar type 
were defined over Ai but a special potential was used 1891 : 



For this potential there is a kink solution that depends only on the fifth coordinate: 



this solution being centred at y = j/q ^nd providing some type of localisation around 
that coordinate point. This simple model provides an example of dynamical localisa- 
tion of fields on a submanifold of a multidimensional universe. 

6.2 Dimensional Reduction 

6.2.1 Einstein Equations and Israel Junction Conditions 

The classical action of an Randall-Sundrum scheme will be given by an Hilbert-Einstein 
term with a cosmological constant A,„ in M, b Gibbons-Hawking terms with the re- 
spective brane cosmological constants {A^^j/^i ... and a matter field action of fields 
located on the branes^ and on the bulk, 

Sh,gi, ■■■,gb,(j)] = SHsh] + Sgh[9i, ■■■,gb] + Sbm[9i, • • • ,56, + Sm[i, </>] 




(6.3) 



(/)o(j/) = ^tanh 



V2 



(6.4) 



(6.5) 



with 




^we will consider n/ = n = m — 1 in this section. 
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and where is the trace of the extrinsic curvature of the I brane, that can be written 
in terms of a normal vector to VJ, as 1871 



(6.10) 



If we take Gaussian normal coordinates to the brane Vnj , we can simply take 

K'.^^d„j~^, (6.11) 

with 5rj the derivative along the normal coordinate to the brane. 

By taking the variation of this action i6.5\ with respect to {7, (?/}7=i,...,6, 



-91 



2k 
~ 2 



''&I3 2 i&IS-' 



where 



2 <55m[7,0] 



Q/3 



IrpI 



T ~ — 



rr.1 

"/3 / I 



V '7 '^T"'' 
2 (JS'ba/ [gi, • • • ,gb, ( 



a/3 



(6.12) 

(6.13) 
(6.14) 



are the m-dimensional stress-energy tensor of the bulk matter fields and the n/ dimen- 
sional stress-energy tensor of the matter fields on V/^^ , we obtain the Einstein equations, 



1 
2^ 



/-7 R 



1 



0.(3 2 ' Oi0 



-7r^^ = 0, (6.15) 



which must be subjected to the Israel junction conditions 



7f 



2k2 



for/= l,---,6. 

In order to find a solution we have to solve the Einstein equation 

1 , 2 



(6.16) 



(6.17) 



in the space between the branes - the bulk -, and then assure the jump over all the 
branes, 

^[Kip - gipK'] + Ki^gip = ^^Tip. (6.18) 



Another way of writing the Israel junction conditions is |87j, 



a/3 q Anifa/3 



-a/3 ~ q^a '^5a/3 ) i 



(6.19) 
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where 

AKi^=Ki+-Ki^-, (6.20) 

with 

being the Hmit taken along the normal to the brane. 

The Randall-Sundrum solution. Let us consider a 5 -dimensional universe of the 
form Ai — A4 X /Z2, where the internal space is a orbifold with a Z2 symmetry 
IK)5|. We will consider that there are two four-dimensional branes in this universe, and 
by choosing a coordinate y G [0, d] for the internal space we will suppose that they lie 
at the fixed points y ~ and y = d. In order to find the ground state for this model, 
we consider the following action, 

^[^' 3^^ = ^(^J '^'^ dy^{R - 2A5) - 2A+ j d^x^^ - 2A^ J d^x^- 

(6.21) 

where we have represented the brane at y = by the plus sign and that at y = d by the 
minus sign. We will then get the following system of equations, 

^a/§- ^75/3^ + 7^^ = 0, (6.22) 



and 



^K%, + \^i9% = 0, (6.23) 

= \ (dyg%{y^U) - dyg%{y^U)) , (6.24) 

being |ip the limit taken from both sides of the position of the brane. 

Since we have chosen Gaussian normal coordinates for both branes that overlap, 
we can simply take 

5*=7(y^)l±- (6.25) 
The equations can then be written in terms of 7 only, 

dy7c.p{y^\^)\± - 5,7c./3(2/±It)I± + ^A±7(y±)|± = 0. (6.27) 
The Randall-Sundrum ansatz is 

7 = n ; (6.28) 



with 



1 ^ 

By inserting it in the previous equations, we get for <j){y) 



0(y) = \y\/i, 



(6.29) 
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with 



and for A^, 



-f- (6.30) 




Ai = ±^. (6.31) 

We then conclude that the bulk of this model must be a slice of an AdS^ geometry, 
being the observed universe the brane located aiy = = d. 

Bulk's Black Hole Solutions. We can solve the Einstein equations together with the 
Israel conditions by choosing a known solution for the bulk and then to introduce the 
wanted number of branes, that will be considered as domain walls, into the bulk - their 
position unknown at the beginning, and not fixed as in the Randall-Sundrum model - 
allowing them to move, separating different regions of the bulk. We could, for instance, 
consider Robertson- Walker type universes 1187! 

-hkiy) 

7=1 I , (6.32) 



with / given by the same expression as in the Randall-Sundrum, (/^j, being the metric 
corresponding to a unit three dimensional plane, an hyperboloid or a sphere for k = 
0, —1, +1, respectively and 

2 

hk{v) = k+y---^. (6.33) 

The geometry of the bulk assumes then a form of the geometry around a black hole 
1681 . The parameter can then be considered to be the mass of that black hole. The 
singularity at y = will be hidden by an horizon at y = yh, such that h{yh) = 0. 
The case of a bulk's black hole in a six-dimensional case was analysed in 1.37.1 . More 
general metrics can be considered by supposing that the bulk black hole possesses a 
charge Q in relation to some Yang-Mills field defined on the bulk 1481 . We would then 
have a AdS-Reissner-Nordstrom metric, with 

hkiy)^k+^-^ + ^. (6.34) 
' y y 

This situation however will be of no use to us. 

By introducing only one brane - without matter on it, since we are only determining 
the ground state of the theory -, we would find out that its position along the extra 
dimension, y = R{t) would vary with time. In fact, we should get the following 
motion equation for the brane[87 1, 

if + V(fl) = -i ,6.35, 
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with 

with A4 being the brane tension, ^± the values of /i on both sides of the brane and 



By taking k — ij,± = and A4 = Ac we recover the Randall- Sundrum model with 
a brane. 



6.2.2 Construction of the Effective Theory 

After obtaining a solution for the bulk metric 7, the metrics will be given by the 
restriction of 7 to the space occupied by the branes. In general one can't simply take 
— j\v„^ if one wishes to use ( 16.1 H since normal coordinates for one brane will 
not in general be normal coordinates for another one. We use then different charts for 
the different branes, being all normal to the brane that they are associated. In general 
these different charts will not overlap, and so we can not simply make g^ ~ tIKi^ 
for a given brane. By using gauge invariance we can bypass this problem, adding to 7 
5*0(1, m — 1) gauge invariant terms and then identifying its restriction to Vnj with g^. 
This gauge invariance of 7 will result into the introduction of various scalar fields - the 
so called radion fields. 

The Linearised Theory of the Randall-Sundrum Model. Let us consider small 
perturbations h^^ around the Randall-Sundrum solution, with 70 given by ( I6.28> . 

^a0=t(S + hfr (6-37) 
For 7^^ to be also a solution of the field equations, h must obey 

{£2-^+^"'''^9,d^)h^P = 0. (6.38) 
where, for simplicity we have chosen the Randall-Sundrum gauge I61II32I : 

hii = hf,4 = d^h"^ = = 0. 

In order to apply the boundary conditions on the branes, we shall define two charts 
such that for a given chart, one of the branes will be written in Gaussian normal coor- 
dinates. Of course these two sets of charts will not overlap completely and so we can't 
write the metrics in the branes directly in terms of the bulk metric as was done before 
for the Randall-Sundrum model. We make then use of the coordinate transformation 
gauge invariance of 7 to write 16 II 1321 (this is the most general gauge transformation), 

(6.39) 
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with {x) a two four-dimensional scalar field and (x) two four-dimensional vector 
fields. In the Randall-Sundrum gauge the branes will not be located at y = and 
y = d, instead, its location will be given by ~ Vo' ~ ^^(2;"), where y^ are 
the initials positions of the branes. It is this the reason for performing the last gauge 
transformation. 

The Israel junction conditions take then the form 

-r + l) Kp{x,y±) = -2d^d0i^{x). (6.40) 



dy I 

By taking the trace of this equation, and considering that we are in the Randall-Sundrum 
gauge, we get for the scalar fields II61II32I - also called radion fields -, 

□^±(a;) = 0. (6.41) 

In the presence of matter T^^ 7^ on the branes, we should get I61II32I 

+ y) 'ho.p{x,y±) = (t^p - \^c.pT^^ ~ 2d^dpi^{x). (6.42) 

and 

=±iKT±(a;), (6.43) 
In general, we redefine the radion fields by taking then to be dimensionless, 

^-(^)^e-2'^/'^, (6.44) 

with d the distance between the branes. 

6.2.3 The Hierarchy 

The Randal-Sundrum Model. Let us consider the Randal-Sundrum model with a 
complex scalar field ^ defined over the visible brane, i.e., the brane. Its action will 
be given by 

Ss K, £}] = I d^x^/^ {g-^^D^^^Dp^ - V{0) ■ (6.45) 
By writing 7^/3 (rf) = g'^p and taking 7^/3 (d) = e^^'^/'r^Q^, we shall have, 

Ssii,^^ = d^xe''^/' (e^'/'r^D^^Dp^ - V{i)) , (6.46) 

and by rescaling the scalar field ^ e'^/'^, we shall get 

= [ d\ (ri^^D^^Dp^ ~ Vie^^'o) . (6.47) 
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If we take V to lead to spontaneous symmetry breaking, 

ViO^^iUf -v)' +(3, (6.48) 
we shall have for the potential of the rescaled field, 

ViO^\c(^Uf -e-^^^'vY + p. (6.49) 

We have then made a rescaling of the non-null expectation vacuum value of the scalar 
field: v e~^'^/'u, thus changing the scale at which the spontaneous symmetry break- 
ing will occur. By conveniently choosing the parameter I, we can take the Planck scale 
to be coincident with the weak scale, obtaining only one fundamental scale, solving the 
hierarchy problem. 



6.2.4 Quantum Effects 

Stabilization of the Radion Fields. One of the questions that could be risen after the 
construction of a type-like Randall-Sundrum model is whether such a model would be 
stable. Taking, the Randall-Sundrum two-brane solution, one could ask if the distance 
between the two branes could vary in such a way that the full system could become 
unstable. By other words, the radion fields, tp^, could be unstable. In order to verify if 
that is so, let us construct their action: 




(6.50) 



In general, both fields will be subjected to a non-null scalar field effective potential, 
and so their effective action will be given by 




(6.51) 



At a first stage, let us consider, as suggested in 1671 . the existence of massless bulk 
fields and let us find their contribuition for V^j^. Let us consider, for instance, a mass- 
less conformally coupled bulk's scalar field $: 

(^-D + <D = 0, (6.52) 

where the □ is written using the Randall-Sundrum metric solution ( I6.28> . By taking 
the following redefinition of the scalar field, 

$ ^ $ 6"^"^'^)$, (6.53) 

we can rewrite (I6.52> as the following equation for $, 



d&d^^ = 0, 



(6.54) 
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having for solution $ = e''^'^. By forcing <I> to the boundary conditions 

94* = 0, (6.55) 
for y ~ y^. The eigeinvalues of dad"' will then be 



kf,, + {^)\ (6.56) 



where /c(4') denotes the four-momentum along the branes direction. 

We can now determine the contribution of the one-loop quantum correction <4.16> 
for the scalar potential of <i>. We have for the zeta-function. 

After performing the integration in fc(4) we get 



d&d^ \ _ ^1^' r(s-2 ) 
7^ 7 ~ l67r2--2 r(s) 



C ( -^1.'^ ) - T£^^-^^d''-'CR{2s - 4), (6.58) 

with 



+ CXD 



Ci^(s) = ^n-^ (6.59) 



n=0 



the Riemann zeta-function. 

We shall then get for the one-loop term. 



f(i)(|.) ^ f(i) ^ Qln (^)] C«(-4) + C^(-4)) , (6.60) 

where d is the distance between the branes. We can now make the rescaling for the $ 
potential, getting 

V{d) ^V{d)e-^''''^y\ (6.61) 

with V{d) the potential obtained from r^^\ 
The effective potential will be given by 



V,ff{d) = J" dyV+e-^\y\/'e-^^y\/'V{d) = | (e-^^/' - l) V{d), 



(6.62) 



I.e., 



= (l - e-^"^/') C^(-4), (6.63) 

and where we have used Cfl(— 4) = 0. 

If we take, for instance, the brane "H-" to be fixed in the position y = 0, we shall 
have for the radion field 

^-{x)^do-d, (6.64) 
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where do is the initial position of the brane The radion field ^_ will then be 
subjected to the effective potential, 

V.ffi^-) - - ^''^'^"'"') (6-65) 

The radion field mass contribution due to the Casimir effect will be given by 

Sml = ^^(0) = -^^^^er^e-^'^"/' (bdl + 8dol + [l - e"^"/'] ) , 

° (6.66) 
and will have a negative value, thus leading to instability. If the calculation was per- 
formed for a Dirac spinor, the result would be the symmetric from this, conducing to 
stability. Depending on the bulks content, the radion, and so the hierarchy, can be sta- 
bilised - we must have a greater number of fermionic fields than of bosons. In |62 1 
it is shown that gravity conduces, by Casimir effect, to a negative square mass for the 
radion, and thus can not, by itself, lead to stability. In 1671 a classical potential for the 
bulk's fields was introduced in order to force the Randall- Sundrum construction to be 
stable. 



Chapter 7 



CONCLUSIONS 



The wish of a theory that could unified all interactions by a common principle has been 
a constant over Physic's history. The non-Abelian Kaluza-Klein theories have been 
introduced as a premature response to that need, being today more appreciated for their 
elegance than for their original purpose. They find their beauty on their accurate mathe- 
matical description, reducing all physical principles to a geometric construction where 
the universe is the most likeble of all the places, containing no fundamental forces. This 
idilic image of the world as been, however, overtrone by the recent unifying theories 
such as Superstrings and Supergravity. However these become inaccessible without 
the dimensional reduction process caracteristic to the Kaluza-Klein theories, and con- 
stantly used in the construction of their effective field theories. 

In this work we have analysed such process for both symmetric and general fields, 
performing the dimensional reduction of gravity, matter and gauge fields over a multi- 
dimensional universe with a fibre bundle structure. It has been found that such process, 
when applied to a gauge field will inevitably conduce, first to a geometric symmetry 
breaking of the initial gauge group, and secondly to spontaneous symmetry breaking 
of the gauge group thus obtained, led by a scalar field that has its origin in the dimen- 
sional reduction process itself. The potential responsable for such symmetry breaking 
was explicitly calculated for the case in which the internal space is symmetric. It was 
also presented the spontaneous compactification mechanism by which a manifold with- 
out a special structure can dynamicly achieve a fibre bundle structure, thus being able 
of being reduced. 

The construction of models within the Kaluza-Klein cenario was studied and its di- 
ficulties presented. The chiral and the hierarchy problems were discussed and some so- 
lutions given. By using the Kaluza-Klein dimensional reduction process, the Randall- 
Sundrum cenario can be obtained, taking for the starting point, the M-theory. 

Some of the principal charateristics of Randall- Sundrum type-like models were 
analysed and its main feature studied: the solution of the hierarchy problem. Sponta- 
neous symmetry breaking assumes through the Randall-Sundrum theory a fundamental 
role in defining the fundamental scale of nature. The stability of the hierarchy through 
the Randall-Sundrum model was partially analised: the Casimir effect was presented as 
a stabilization mechanism. Randall-Sundrum appeals also by its rich phenomenology 
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since it can be tested in the next generation of particle acelerators (such as the LHC). 
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